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A characterization of metrizability

Exercise. . . from Engelking’s book



Starting point Domination by Polish Spaces Domination by Second Countable Spaces Open questions

Kind of problems studied

K compact space & {Aα : α ∈ NN} subsets of (K ×K)\∆. We write:

(A) each Aα is compact;

(B) Aα ⊂ Aβ whenever α ≤ β ;

(C) (K ×K)\∆ =
⋃{Aα : α ∈ NN}.

Theorem (Orihuela, B.C. 1987)

(A) + (B) + (C) + (D) ⇒ K is metrizable.

(D) For each compact set F ⊂ (K ×K)\∆, there is Aα such that F ⊂ Aα .

Theorem (Orihuela, Tkachuk, B.C. 2010)

(A) + (B) + (C) + MA(ω1) ⇒ K is metrizable.

Open question

(A) + (B) + (C)
?⇒ K is metrizable.
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akol, W. Kubís and M. López-Pellicer, Descriptive topology in selected

topics of functional analysis, 628 pages. Preprint, 2010.

B. Cascales, J. Orihuela and V. Tkachuk, Domination by second

countable spaces, Preprint, 2010.



Starting point Domination by Polish Spaces Domination by Second Countable Spaces Open questions

The references

JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 126, i-10 (1987) 

On a Theorem of Choquet and Dolecki 

Iwo LABUDA * 

Institute of Muthemutics, Polish Acudemy of Sciences, 
ul. Mielzyriskiego 27129, 61-725 Poznati, Poland 

Submitted by Ky Fan 

Received June 6, 1985 

The results of this paper clarify and extend slightly the previous work of Dolecki 
and Lechicki (C. R. Acad. Sci. Paris 293 (1981) 219-221; J. Math. Anal. Appl. 88 
(1982), 547-584) and Hansell, Jayne, Rogers and the author (Math. Z. 189 (1985), 
297-318). Let X, Y be Hausdorff spaces and F: X + Y an upper semicontinuous set- 
valued map. A subset K of F(x) is said to be a peak of Fat x, if, for every open set 
V containing K, there exists a neighbourhood Ii of x such that F( U)\F(x) c V. 
Criteria (“Choquet-Dolecki Theorems”) are given in order that F has the smallest 
possible peak. It turns out that in unexpectedly general situations an upper 
semicontinuous map F has, for every .x in X, a peak which is the smallest possible 
at x and moreover compact. (” 1987 Academic Press, Inc. 

1. THE RESULTS 

Let X, Y be Hausdorff spaces, and let F: X-t Y be a set-valued map. In 
what follows the term “map” means always such a set-valued map. 

A cap (of upper semicontinuity) of Fat x0 is a set K in Y such that the 
map F is upper semicontinuous at a point x0 when K replaces F(xO), i.e., 
when the map 

F(x) = 
1 

K for x=x0 

J-(x) otherwise 

is upper semicontinuous at x,,. The cap K is proper if K is contained in 

F(xo). 
Recall that a map F is upper semicontinuous at x0 (USC at x0), if, for 

every open set V containing F(x,), there exists a neighbourhood U of x,, 
such that 

F(U) := u (F(x): x E U} c V, (1.1) 

F is upper semicontinuous (USC), if it is USC at x for every x in X. 

* Present address: Department of Mathematics, University of Mississippi, Oxford, MS 
38677. 

0022-247X/87 $3.00 
Copyright 0 1987 by Academic Press, Inc. 

All rights of reproduction in any form reserved. 
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Notation

L,M, . . .X ,Y , . . . topological spaces; E ,F Banach or
sometimes lcs;

K compact Hausdorff space;

2X subsets; K (X ) family of compact sets;

C (X ) continuous functions; Cp(X ) continuous functions
endowed with the pointwise convergence topology τp;

Ω⊂ C open set; H (Ω) space of holomorphic functions with
the topology of uniform convergence on compact sets;

Ω⊂ Rn open set; D ′(Ω) space of distributions;

lim−→En inductive limit of a sequence of Fréchet spaces.
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Definitions

Upper semi-continuous set-valued map (multi-function)

U

x0

-X 2Y
ψ

x

V

ψ(x)

ψ(x0)

j

:

1 Y is K -analytic if there is ψ : NN→ 2Y that is upper semi-continuous
compact-valued and such that Y =

⋃
α∈NN ψ(α);

2 Y is countably K -determined if there is Σ⊂ NN and ψ : Σ→ 2Y that is
upper semi-continuous compact-valued and such that Y =

⋃
α∈Σ ψ(α).

NN⇔ any Polish space P

Σ⇔ any second countable space M (Lindelöf Σ)
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Starting point Domination by Polish Spaces Domination by Second Countable Spaces Open questions

Well known facts

1 If ψ : X → 2Y that is upper semi-continuous compact-valued, then
K ⊂ X is compact ⇒ ψ(K) is compact;

2 if ψ : X → 2Y that is upper semi-continuous compact-valued, then
L⊂ X is Lindelöf ⇒ ψ(L) is Lindelöf;

3 K -analytic ⇒ countably K -determined ⇒ Lindelöf;

4 countably K -determined + metrizable ⇒ separable;

5 if X is K -analytic (ψ : NN→ 2X ) and Aα := ψ({β : β ≤ α}) then:

(A) each Aα is compact;
(B) Aα ⊂ Aβ whenever α ≤ β ;

(C) X =
⋃{Aα : α ∈ NN}.

6 ditto, if X is countably K -determined, there is a second countable space

M and a family {AK : K ∈K (M)} such that:

(A) each AK is compact;
(B) AK ⊂ AF whenever K ⊂ F ;
(C) X =

⋃{AK : K ∈K (M)}.



Starting point Domination by Polish Spaces Domination by Second Countable Spaces Open questions

Well known facts

1 If ψ : X → 2Y that is upper semi-continuous compact-valued, then
K ⊂ X is compact ⇒ ψ(K) is compact;

2 if ψ : X → 2Y that is upper semi-continuous compact-valued, then
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Domination by Polish Spaces

Definition

A topological space X is dominated by a Polish space, if there is a
Polish space P and a family {AK : K ∈K (P)} ⊂ X such that:

(A) each AK is compact;

(B) AK ⊂ AF whenever K ⊂ F ;

(C) X =
⋃{AK : K ∈K (P)}.

Proposition

For a topological space X the TFAE:

1 X is dominated by a Polish space;
2 There is a family {Aα : α ∈ NN} of subsets of X with:

(A) each Aα is compact;
(B) Aα ⊂ Aβ whenever α ≤ β ;

(C) X =
⋃{Aα : α ∈ NN}.
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K -analyticity implies domination by Polish spaces

Observation

If X is K -analytic (ψ : NN→ 2X ) and Aα := ψ({β : β ≤ α}) then:

(A) each Aα is compact;

(B) Aα ⊂ Aβ whenever α ≤ β ;

(C) X =
⋃{Aα : α ∈ NN}.

The question

When domination by Polish spaces implies K -analyticity?

How useful is a positive answer to the above?
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A nice old case

Talagrand, Ann. of Math. 1979
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Another case with domination

Valdivia, J. London Math. Soc. 1987

QUASI-LB-SPACES

MANUEL VALDIVIA

Introduction

Grothendieck conjectured in [4] that the closed graph theorem holds when the
domain space is ultrabornological and the range space belongs to a class of locally
convex spaces containing the Banach spaces which are stable under the following
operations: countable topological products, countable topological direct sums,
separated quotients and closed subspaces. In particular, if Q is a non-void open subset
of ^-dimensional euclidean space, then 3>(Q) and <2)'{£l) belong to this class. In [8],
Slowikowski defined a class of range spaces that contains $)(Q) and 2)'{QL) and verified
the closed graph theorem when the domain space is a Banach space. Rafkow [7] gives
a solution to Grothendieck's conjecture, using to some extent the ideas of Slowikowski.
De Wilde gives in [2] a positive answer to the Grothendieck conjecture for webbed
spaces. In this article we introduce quasi-LB-spaces, which form a subclass, with
a simple definition, of the class of Slowikowski; these spaces also answer the
Grothendieck conjecture. We proved in [12] that the Slowikowski spaces coincide with
those of Rafkov, and that the strict webbed spaces are Slowikowski also. A
quasi-LB-space is a strict webbed space, and a locally complete webbed space is a
quasi-LB-space and thus a strict webbed space. This property, that answers an old
question posed by De Wilde, allows us to simplify the theory of webbed spaces
developed by De Wilde, looking at larger and different aspects than he does. We have
introduced the quasi-LB-spaces because of their simple definition and good properties,
and because they show up the underlying structure of the closed graph theorem in
a form that we believe to be very clear, and that is related to the classical Banach
theorem [1]. This structure is shown clearly in the lifting and localization theorems
that we present in this article as in the method of answering De Wilde's question.

2. Terminology and notation

The vector spaces we shall use here are defined over the field K of real or complex
numbers. We suppose that ATis endowed with the ordinary topology. The word' space'
mans 'separated locally convex space' unless the contrary is specifically stated. Given
a space E, we write E for its topological dual; by o(E',E) and /?(£"',E) we denote the
weak and strong topologies on E', respectively. We write E'[a{E', E)] and £"[/?(£", E))
for E' endowed with the topologies a(E', E) and fi(E', E), respectively. We denote by
E the completion of E.

Let Q be an open subset of H-dimensional euclidean space; we denote by 2){Q)
the test space of distributions with its ordinary topology. By 3)'(Q) we denote its strong
topological dual.

Given spaces E and F, we denote by L(E, F) the vector space of all continuous
linear mappings of E into F. We write La(E, F) and L^E, F) for the space L(E, F)
endowed with the topology of simple convergence and the topology of uniform
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Let F be a Frechet space and let {Un: n = 1,2,:..} be a fundamental system of
neighbourhoods of the origin in F which we can take to be closed and absolutely
convex. If a = (an) is any element of NN, we set

Aa = f]{anUn:n=\,2,...}.

The set Aa is a Banach disc and we have the following properties.
(1) The family {^a: ae NN} covers F. (2) If a ,0e NN and a ̂  /?, then Aa a Ap.
Let us now suppose that F is an LB-space. There is an increasing sequence Bn of

Banach discs covering F. For every a = (an)eNN, we set Aa = Bai; then the family
{^a:aeMN} has properties (1) and (2) also.

We shall see later that properties (1) and (2) are important in order to obtain some
results on the closed graph theorem. This is the reason for introducing the following
definitions. A quasi-LB-representation in a topological vector space F is a family
{Aa: a e NN} of Banach discs satisfying the following conditions:

2. //"a,/?e NN anda^P then Aa c Afi.

We shall say that a space admitting a quasi-LB-representation is a quasi-LB-space.

PROPOSITION 1. Let F be a quasi-LB-space. Let G be a space such that there is a
continuous linear mapping from F onto G. Then G is a quasi-LB-space.

Proof. Let {Aa: ae NN} be a quasi-LB-representation of F. It is easy to show that

is a quasi-LB-representation of G.

PROPOSITION 2. The countable product of quasi-LB-spaces is a quasi-LB-space.

Proof. For each j in a given countable set / , we denote by ^ a space admitting
a quasi-LB-representation

We write

F=U{Fj:jeJ}.

Let <f> be a one to one mapping from N onto JxN. For ô  = (a^ n)e MN,jeJ, we put
df(n) — bn, n= 1,2,..., {//(ocj-.jeJ}) = (bn)eNN. Then y/ is a one to one mapping
from (NN)J onto N*1. If a is any element of ^ and {(XfjeJ) = y/-\<x), we set

It is now easy to conclude that {Aa: a e N^} is a quasi-LB-representation of F.

PROPOSITION 3. The topological direct sum of a countable family of quasi-
LB-spaces is a quasi-LB-space.

Proof Since the finite topological product of spaces is isomorphic to the
topological direct sum of those spaces, by Proposition 2 it is enough to prove the result
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Domination by Polish implies (many times) K -analyticity

Let X be a topological space {Aα : α ∈ NN} of subsets of X with:

(A) each Aα is compact;
(B) Aα ⊂ Aβ whenever α ≤ β ;

(C) X =
⋃{Aα : α ∈ NN}.

Given α = (nk) ∈ NN and m ∈ N, define

α|m := (n1,n2, . . . ,nm).

Proposition, B. C., 1987

Given X and {Aα : α ∈ NN} as above, if we define ψ : NN→ 2X given by

ψ(α) :=
∞⋂

m=1

⋃
{Aβ : β |m = α|m}

then:

each ψ(α) is countably compact (even more, all cluster points of any
sequence in ψ(α) remain in ψ(α)).

if ψ(α) is compact then α → ψ(α) gives K -analytic structure to X .

X has K -analytic structure if countably compact subsets=compact subsets.
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Talagrand’s solution to a conjecture Corson

Theorem, Talagrand 1975, Bull. Sci. Math.

Every WCG Banach space E is weakly Lindelöf.

Proof.-

Fix W ⊂ E absolutely convex w -compact with E = spanW .

Given α = (nk) ∈ NN,

Aα :=
(
n1W + BE ∗∗

)
∩
(
n2W +

1

2
BE ∗∗

)
∩·· ·∩

(
n1W +

1

k
BE ∗∗

)
∩ . . .

Proposition ⇒ (E ,w) K -analytic ⇒ (E ,w) Lindelöf. ♣



Starting point Domination by Polish Spaces Domination by Second Countable Spaces Open questions

Fréchet-Montel spaces

Theorem, Dieudonné 1954

Every Fréchet-Montel space E is separable (in particular H (Ω) is separable).

Proof.-

Fix V1 ⊃ V2 ⊃ ·· · ⊃ Vn . . . a basis of closed neighborhoods of 0.

Given α = (nk) ∈ NN,

Aα :=
∞⋂

k=1

nkVk .

{Aα : α ∈ NN} fundamental family of bdd closed sets=compact;

Proposition ⇒ E K -analytic +metrizable ⇒ E Lindelöf + metrizable ⇒
E separable. ♣
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D ′(Ω) is analytic

Theorem, D ′(Ω) is analytic.

The strong dual of every inductive limit of Fréchet-Montel spaces is analytic.

Km ↗ Ω ⊂ R sucesión exhaustiva de compactos

E1 ↪→ E2 ↪→ · · · ↪→ Em ↪→ · · · ↪→ E

U1
1

∪
......

∪�� ��U1
n1

∪
...

U2
1

∪
............

∪�� ��U2
n2

∪
...

Um
1

∪
··
∪�� ��Um
nm

∪
...

α = (nk)k

Uα := aco
(⋃

∞
k=1 Uk

nk

)

Uβ ⊂ Uα si α ≤ β ; U := {Uα : α ∈ NN} neigh. basis of 0 en E .

Aα := U◦α compact & Aα ⊂ Aβ , α ≤ β ;

E ′ = ∪{Aα : α ∈ NN} and E ′ sub-metrizable ⇒ E ′ K -analytic
sub-metrizable ⇒ E ′ analytic.

Schwartz, 1964

Any Borel linear map from a separable Banach space into D ′(Ω) is continuous.
In particular, the Closed Graph Theorem holds for linear maps

T : D ′(Ω)→D ′(Ω).
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Metrizability of compact sets (I)

K compact space & {Aα : α ∈ NN} subsets of (K ×K )\∆. We
write:

(A) each Aα is compact;

(B) Aα ⊂ Aβ whenever α ≤ β ;

(C) (K ×K )\∆ =
⋃{Aα : α ∈ NN}.

Theorem (Orihuela, B.C. 1987)

(A) + (B) + (C) + (D) ⇒ K is metrizable.
(D) For each compact set F ⊂ (K ×K )\∆, there is Aα such that

F ⊂ Aα .



Starting point Domination by Polish Spaces Domination by Second Countable Spaces Open questions

Metrizability of compact sets (I)

Theorem (Orihuela, B.C. 1987)

(A) + (B) + (C) + (D) ⇒ K is metrizable.
(D) For each compact set F ⊂ (K ×K)\∆, there is Aα such that F ⊂ Aα .

K compact space & {Aα : α ∈ NN} subsets of (K ×K)\∆. We write:

(A) each Aα is compact;

(B) Aα ⊂ Aβ whenever α ≤ β ;

(C) (K ×K)\∆ =
⋃{Aα : α ∈ NN}.

Proof.-

1 Given α ∈ NN, define Nα := (K ×K)\Aα .

2 Nα is a basis of open neighborhoods of ∆;

3 Bα := {f ∈ C(K) : ‖f ‖∞ ≤ n1, |f (x)− f (y)| ≤ 1
m , whenever (x ,y) ∈Nα|m};

for α|m := (nm,nm+1, . . .), m ∈ N.

4

(A) each Bα is ‖ ‖∞-bdd & closed & equicontinuous
Ascoli⇒ Bα is

‖ ‖∞-compact;
(B) Bα ⊂ Bβ whenever α ≤ β ;

(C) C (K ) =
⋃{Bα : α ∈ NN}.

5 (C(K),‖ ‖∞) is K -analytic +metrizable ⇒ E Lindelöf + metrizable ⇒ E
separable ⇒ K is metrizable. ♣



Starting point Domination by Polish Spaces Domination by Second Countable Spaces Open questions

Metrizability of compact sets (I)

Theorem (Orihuela, B.C. 1987)

(A) + (B) + (C) + (D) ⇒ K is metrizable.
(D) For each compact set F ⊂ (K ×K)\∆, there is Aα such that F ⊂ Aα .

K compact space & {Aα : α ∈ NN} subsets of (K ×K)\∆. We write:

(A) each Aα is compact;

(B) Aα ⊂ Aβ whenever α ≤ β ;

(C) (K ×K)\∆ =
⋃{Aα : α ∈ NN}.

Proof.-

1 Given α ∈ NN, define Nα := (K ×K)\Aα .

2 Nα is a basis of open neighborhoods of ∆;

3 Bα := {f ∈ C(K) : ‖f ‖∞ ≤ n1, |f (x)− f (y)| ≤ 1
m , whenever (x ,y) ∈Nα|m};

for α|m := (nm,nm+1, . . .), m ∈ N.

4

(A) each Bα is ‖ ‖∞-bdd & closed & equicontinuous
Ascoli⇒ Bα is

‖ ‖∞-compact;
(B) Bα ⊂ Bβ whenever α ≤ β ;

(C) C (K ) =
⋃{Bα : α ∈ NN}.

5 (C(K),‖ ‖∞) is K -analytic +metrizable ⇒ E Lindelöf + metrizable ⇒ E
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separable ⇒ K is metrizable. ♣



Starting point Domination by Polish Spaces Domination by Second Countable Spaces Open questions

Metrizability of compact sets (I)

Theorem (Orihuela, B.C. 1987)

(A) + (B) + (C) + (D) ⇒ K is metrizable.
(D) For each compact set F ⊂ (K ×K)\∆, there is Aα such that F ⊂ Aα .

K compact space & {Aα : α ∈ NN} subsets of (K ×K)\∆. We write:

(A) each Aα is compact;

(B) Aα ⊂ Aβ whenever α ≤ β ;

(C) (K ×K)\∆ =
⋃{Aα : α ∈ NN}.

Proof.-

1 Given α ∈ NN, define Nα := (K ×K)\Aα .

2 Nα is a basis of open neighborhoods of ∆;

3 Bα := {f ∈ C(K) : ‖f ‖∞ ≤ n1, |f (x)− f (y)| ≤ 1
m , whenever (x ,y) ∈Nα|m};

for α|m := (nm,nm+1, . . .), m ∈ N.

4

(A) each Bα is ‖ ‖∞-bdd & closed & equicontinuous
Ascoli⇒ Bα is

‖ ‖∞-compact;
(B) Bα ⊂ Bβ whenever α ≤ β ;

(C) C (K ) =
⋃{Bα : α ∈ NN}.

5 (C(K),‖ ‖∞) is K -analytic +metrizable ⇒ E Lindelöf + metrizable ⇒ E
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Nα : α ∈ NN} satisfying:

Nβ ⊂ Nα si α ≤ β whenever α,β ∈ NN.

Then K is metrizable.
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13.2 Property (C) for Banach spaces C(K) . . . . . . . . . . . . . 348
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Starting point Domination by Polish Spaces Domination by Second Countable Spaces Open questions

Metrizability of compact sets (II)

K compact space & {Aα : α ∈ NN} subsets of (K ×K)\∆. We write:

(A) each Aα is compact;

(B) Aα ⊂ Aβ whenever α ≤ β ;

(C) (K ×K)\∆ =
⋃{Aα : α ∈ NN}.

Theorem (Orihuela, Tkachuk, B.C. 2010)

(A) + (B) + (C) + MA(ω1) ⇒ K is metrizable.

Proof.-

1 (A) + (B) + (C) + MA(ω1) ⇒ K has small diagonal, i.e., for any
uncountable set A⊂ (K ×K)\∆ there exists an uncountable B ⊂ A such
that B ∩∆ = /0.

2 K has small diagonal ⇒ K has countable tightness ⇒ K ×K has
countable tightness;

3 (K ×K)\∆ is K -analytic

⇒ (K ×K)\∆ is Lindelöf ⇒ ∆ is Gδ ⇒ K is
metrizable. ♣

Proposition, B. C., 1987

Given X and {Aα : α ∈ NN} as above, if we define ψ : NN → 2(K×K)\∆ given by

ψ(α) :=
∞⋂

m=1

⋃
{Aβ : β |m = α|m}

then:

each ψ(α) is countably compact (even more, all cluster points of any sequence in ψ(α) remain in ψ(α)).

if ψ(α) is compact then α → ψ(α) gives K -analytic structure to (K ×K)\∆.

ψ(α)⊂ ψ(α), (closure in K ×K)

take x ∈ ψ(α);

there is A⊂ ψ(α) countable with x ∈ A;

is x ∈ A ⇒ x ∈ ψ(α);

otherwise, x ∈ (A\A) ⇒ x is cluster point of a sequence in ψ(α) ⇒ x ∈ ψ(α).
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Domination by Second Countable Spaces

Definition

A topological space X is dominated by a second countable space, if there is a
second countable space M and a family {AK : K ∈K (M)} ⊂ X such that:

(A) each AK is compact;

(B) AK ⊂ AF whenever K ⊂ F ;

(C) X =
⋃{AK : K ∈K (M)}.

Theorem (Orihuela, B.C.)

For a topological space TFAE:

1 X is countably K-determined;

2 X is Dieudonné complete and dominated by a second countable space.

The class of spaces dominated by a second countable space enjoy the usual
stability properties we might expect.
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Techniques

Generation of usco maps

Let T be a first-countable, X a topological space and let ϕ : T → 2X be a
set-valued map satisfying the property
⋃

n∈N
ϕ(tn) is relatively compact for each convergent sequence (tn)n in T . (1)

If for each x in X we define

C(t) := {x ∈ X : there is tn→ t in T , for every n ∈ N there is

xn ∈ ϕ(tn) and x is cluster point of (xn)n}.

Then:

each C(t) is countably compact.

if ψ(t) := C(t) is compact then t→ ψ(t) is usco ψ : T →K (X ).
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If X is dominated by a second countable space, if there is a second countable space M and a family
{AK : K ∈K (M)} such that:

(A) each AK is compact;

(B) AK ⊂ AF whenever K ⊂ F ;

(C) X =
⋃{AK : K ∈K (M)}.

We take: T := (K (M),h), ϕ(K) := AK and we can generate the USCO ψ in many cases.
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If X is dominated by a second countable space, if there is a second countable space M and a family
{AK : K ∈K (M)} such that:

(A) each AK is compact;

(B) AK ⊂ AF whenever K ⊂ F ;

(C) X =
⋃{AK : K ∈K (M)}.

We take: T := (K (M),h), ϕ(K) := AK and we can generate the USCO ψ in many cases.
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Two noticeable results

Theorem (Orihuela, Tkachuk, B.C. 2010)

Cp(X ) is countably K-determined iff is dominated by a second countable space.

Theorem (Orihuela, Tkachuk, B.C. 2010)

Let K be a compact space. If there is a second countable space M and a
family {AF : F ∈K (M)} ⊂ (K ×K)\∆ such that:

(A) each AF is compact;

(B) AF ⊂ AL whenever F ⊂ L;

(C) (K ×K)\∆ =
⋃{AF : F ∈K (M)}.

and

(D) every compact subset of (K ×K)\∆ is contained in some AF .

Then K is metrizable.
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Open questions

More problems...here!

K compact space &
{Aα : α ∈ NN} ⊂
(K ×K )\∆.
We write:

(A) each Aα is compact;

(B) Aα ⊂ Aβ whenever
α ≤ β ;

(C) (K ×K)\∆ =
⋃{Aα :

α ∈ NN}.

Open question

(A) + (B) + (C)
?⇒ K is metrizable.

THANK
YOU!
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Domination by second countable spaces

and Lindelöf Σ-property

B. Cascales1,2, J. Orihuela1,2 and V.V. Tkachuk3,4

Abstract. Given a space M , a family of sets A of a space X is ordered by M if A={AK :K is a

compact subset of M} and K⊂L implies AK⊂AL. We study the class M of spaces which have compact

covers ordered by a second countable space. We prove that a space Cp(X) belongs to M if and only if

it is a Lindelöf Σ-space. Under MA(ω1), if X is compact and (X×X)\Δ has a compact cover ordered

by a Polish space then X is metrizable; here Δ={(x,x):x∈X} is the diagonal of the space X. Besides,

if X is a compact space of countable tightness and X2\Δ belongs to M then X is metrizable in ZFC.

We also consider the class M∗ of spaces X which have a compact cover F ordered by a second

countable space with the additional property that, for every compact set P⊂X there exists F∈F with

P⊂F . It is a ZFC result that if X is a compact space and (X×X)\Δ belongs to M∗ then X is metrizable.

We also establish that, under CH, if X is compact and Cp(X) belongs to M∗ then X is countable.

Keywords: (strong) domination by irrationals, (strong) domination by a second countable space,

diagonal, metrization, orderings by irrationals, orderings by a second countable space, compact cover,

function spaces, cosmic spaces, ℵ0-spaces, Lindelöf Σ-space, compact space, metrizable space
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0. Introduction.

Given a space X we denote by K(X) the family of all compact subsets of X.
One of about a dozen equivalent definitions says thatX is a Lindelöf Σ-space (or has
the Lindelöf Σ-property) if there exists a second countable space M and a compact-
valued upper semicontinuous map ϕ : M → X such that

⋃{ϕ(x) : x ∈ M} = X
(see, e.g., [RJ, Section 5.1]). It is worth mentioning that in Functional Analysis,
the same concept is usually referred to as a countably K-determined space.

Suppose that X is a Lindelöf Σ-space and hence we can find a compact-valued
upper semicontinuous surjective map ϕ : M → X for some second countable space
M . If we let FK =

⋃{ϕ(x) : x ∈ K} for any compact set K ⊂ M then the family
F = {FK : K ∈ K(M)} consists of compact subsets of X, covers X and K ⊂ L
implies FK ⊂ FL. We will say that F is an M -ordered compact cover of X.

The class M of spaces with an M -ordered compact cover for some second
countable space M , was introduced by Cascales and Orihuela in [CO2]. They
proved, among other things, that a Dieudonné complete space is Lindelöf Σ if and
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(A) each Aα is compact;

(B) Aα ⊂ Aβ whenever
α ≤ β ;

(C) (K ×K)\∆ =
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α ∈ NN}.

Open question

(A) + (B) + (C)
?⇒ K is metrizable.
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