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Notation Stay focused... three samples

First 2 lecures: Upper and lower semi-continuity for multi-functions:

generation of K -analytic structures, applications to functional
analysis;
Michael’s selection theorem; distances to spaces of continuous
functions; quantitative perspective of compactness.

3rd lecture: Measurability for multi-functions

Kuratowski-Ryll-Narzesdky selection theorem; extension to non
separable Banach spaces.
integration of multifunction



Notation Stay focused... three samples

Notation

L,M, . . .X ,Y , . . . topological spaces; E ,F Banach or sometimes lcs;

K compact Hausdorff space;

2X subsets; K (X ) family of compact sets; if E Banach then wk(E)
weakly compact sets and cwk(E) convex weakly compact sets;

C(X ) continuous functions; Cp(X ) continuous functions endowed with
the pointwise convergence topology τp ;

Ω⊂ C open set; H (Ω) space of holomorphic functions with the topology
of uniform convergence on compact sets;

Ω⊂ Rn open set; D ′(Ω) space of distributions;

lim−→En inductive limit of a sequence of Fréchet spaces.

(Ω,Σ,µ) complete probability space;

Σ+ measurable sets of positive measure; for A ∈Σ, Σ+
A measurable

subsets of A of positive measure;

measurability for scalar function f : Ω→ R standard; measurability for
F : Ω→ 2E will be defined;
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Notation Stay focused... three samples

First sample... our goal is to understand

Theorem

Let K be a compact space and ∆ its diagonal. TFAE:

1 K is metrizable;

2 (C (K ),‖ · ‖∞) is separable;

3 ∆ is a Gδ ;

4 ∆ = ∩nGn with Gn open and {Gn}n a basis of neighb. of ∆;

5 (K ×K )\∆ = ∪nFn, with {Fn} an increasing fundamental
family of compact sets in (K ×K )\∆;

6 (K ×K )\∆ =
⋃{Aα : α ∈NN} with each {Aα} a fundamental

family of compact sets such that Aα ⊂ Aβ whenever α ≤ β ;

7 (K ×K )\∆ is Lindelöf.

and apply it to Functional Analysis.



Notation Stay focused... three samples

Second sample... our goal is to understand

how to use Michael’s selection theorem to prove that if

f1 u. s.

h cont.

S(f2) =
{

(x, y) : y ≥ f2(x)
}

U(f1) =
{

(x, y) : y ≤ f1(x)
}j

f2 l. s.

*

and apply it to define measures of non compactness in spaces of
continuous functions and Banach spaces.
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Notation Stay focused... three samples

Third sample... our goal is to understand how the notion

Definition

F : Ω→ 2E satisfies
property (P) if for each ε > 0
and each A ∈Σ+ there exist
B ∈Σ+

A and D ⊂ E with
diam(D) < ε such that

F (t)∩D 6= /0 for every t ∈ B.

helps to produce measurable selectors beyond the separable case
and to extend integration of multi-function to this general setting.



Notation Stay focused... three samples

Multi-functions. Examples

Definition

A multi-function (set-valued map, multi-map, etc.) is a map ψ

from a set X into the family of subsets 2Y of another set Y , i.e.,
for each x ∈ X the image ψ(x) is a subset of Y .

Examples:

the map log : C\{0}→ C that sends every z ∈ C\{0} to the
set of its logarithms;

if g ,G : [0,1]→ R are functions with g(x)≤ G (x) then
ψ(x) := [g(x),G (x)] is a multifunction;

g

G

t0 1

?

6



Notation Stay focused... three samples

Multi-functions. Examples

Examples:

if f : Y → X is onto, then ψ(x) := f −1(x), x ∈ X is a
multi-function;

f →{x ∈K : |f (x)|= ‖f ‖∞} is multi-function defined in C (K );

if E is a Banach space J : BE → 2B
∗
E given by

J(x) := {x∗ ∈ B∗E : ‖x‖= x∗(x)} (duality map)

is a multi-function;
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Multi-functions. Examples

. . . more examples:

if E is a Banach space and F ⊂ E is closed proximinal, then
x →{y ∈ F : ‖x−y‖= d(x ,F )} is a multi-function (metric
projection);

If E is a Fréchet space, and V1 ⊃ V2 ⊃ ·· · ⊃ Vn ⊃ ·· · is a
basis of neighb. of 0 then ψ : NN→ 2E given by

ψ(α) :=
∞⋂

k=1

nkVk , with α = (nk)k

is a multi-function with ψ(NN) = E , ψ(α)⊂ ψ(β ) if α ≤ β in
NN and {ψ(α) : α ∈ NN} fundamental family of bounded sets.
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Multi-functions. Selectors

g

G

t0 1

?

6
f

Definition

Given a multi-function
ψ : X → 2Y a selector is a
single-valued map f : X → Y
such that f (x) ∈ ψ(x) for
each x ∈ X .

(Jayne-Rogers) E is Asplund if, and only if, the duality map has a Baire-1
selector;

(Michael) if ψ : M → 2E (E Banach, M metric) is lower semi-continuous, takes
convex closed values, then ψ has a continuos selector;

(Kuratowski-Ryll Nardzewski, 1965) Let F : Ω→ 2E be a multi-function with
closed non empty values of E . If E is separable and F satisfies that

{t ∈Ω : F (t)∩O 6= /0} ∈Σ for each open set O ⊂ E . (E)

Then F admits a µ-measurable selector f .



Notation Stay focused... three samples

The need of good selectors...integration of multi-functions

F : Ω−→ cwk(E) –convex w -compact

g

G

t0 1

?

6

There are several possibilities to define the integral
of F :

1 to take a reasonable embedding j from
cwk(E) into the Banach space Y (= `∞(BE ∗))
and then study the integrability of j ◦F ;

2 to take all integrable selectors f of F and
consider

∫
F dµ =

{∫
f dµ : f integra. sel.F

}
.

1 Debreu, [Deb67], used the embedding technique together with Bochner
integration for multi-function with values in ck(E) – convex compact
subsets of E ;

2 Aumann, [Aum65], used the selectors technique;

3 They used the above definitions in some models in economy: Debreu
Nobel prize in 1983; Aumann Nobel prize in 2005

4 Pettis integration for multi-functions was developed in the separable case.

The non-separable case

1 Pettis integration theory was stuck in the separable case for the lack of a
selection result in the general case.
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The need of knowing the implications of semi-continuity
properties of multi-functions

Theorem, Talagrand 1975

Every WCG Banach space E is weakly Lindelöf.

. . . we will see several more applications.



Notation Stay focused... three samples

The need of knowing the implications of semi-continuity
properties of multi-functions

Theorem, Talagrand 1975

Every WCG Banach space E is weakly Lindelöf.

. . . we will see several more applications.



Upper semi-continuity for multi-functions Lower semi-continuity for multi-functions Measurability

Upper-semicontinuity



Upper semi-continuity for multi-functions Lower semi-continuity for multi-functions Measurability

Definitions

Upper semi-continuous set-valued map (multi-function)

U

x0

-X 2Y
ψ

x

V

ψ(x)

ψ(x0)

j

:

1 Y is K -analytic if there is ψ : NN→ 2Y that is Upper semi-continuous
compact-valued and such that Y =

⋃
α∈NN ψ(α);

2 Y is countably K -determined if there is Σ⊂ NN and ψ : Σ→ 2Y that is
upper semi-continuous compact-valued and such that Y =

⋃
α∈Σ ψ(α).

NN⇔ any Polish space P

Σ⇔ any second countable space M (Lindelöf Σ)



Upper semi-continuity for multi-functions Lower semi-continuity for multi-functions Measurability

Definitions

Upper semi-continuous set-valued map (multi-function)

U

x0

-X 2Y
ψ

x

V

ψ(x)

ψ(x0)

j

:

1 Y is K -analytic if there is ψ : NN→ 2Y that is Upper semi-continuous
compact-valued and such that Y =

⋃
α∈NN ψ(α);

2 Y is countably K -determined if there is Σ⊂ NN and ψ : Σ→ 2Y that is
upper semi-continuous compact-valued and such that Y =

⋃
α∈Σ ψ(α).NN⇔ any Polish space P

Σ⇔ any second countable space M (Lindelöf Σ)
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Upper semi-continuity for multi-functions Lower semi-continuity for multi-functions Measurability

Easy known facts

1 If ψ : X → 2Y that is upper semi-continuous compact-valued, then
K ⊂ X is compact ⇒ ψ(K) is compact;

2 if ψ : X → 2Y that is upper semi-continuous compact-valued, then
L⊂ X is Lindelöf ⇒ ψ(L) is Lindelöf;

3 K -analytic ⇒ countably K -determined ⇒ Lindelöf;

4 countably K -determined + metrizable ⇒ separable;

5 if X is K -analytic (ψ : NN→ 2X ) and Aα := ψ({β : β ≤ α}) then:

(A) each Aα is compact;
(B) Aα ⊂ Aβ whenever α ≤ β ;

(C) X =
⋃{Aα : α ∈ NN}.

6 ditto, if X is countably K -determined, there is a second countable space

M and a family {AK : K ∈K (M)} such that:

(A) each AK is compact;
(B) AK ⊂ AF whenever K ⊂ F ;
(C) X =

⋃{AK : K ∈K (M)}.
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Easy known facts

1 If ψ : X → 2Y that is upper semi-continuous compact-valued, then
K ⊂ X is compact ⇒ ψ(K) is compact;

2 if ψ : X → 2Y that is upper semi-continuous compact-valued, then
L⊂ X is Lindelöf ⇒ ψ(L) is Lindelöf;

3 K -analytic ⇒ countably K -determined ⇒ Lindelöf;

4 countably K -determined + metrizable ⇒ separable;

5 if X is K -analytic (ψ : NN→ 2X ) and Aα := ψ({β : β ≤ α}) then:

(A) each Aα is compact;
(B) Aα ⊂ Aβ whenever α ≤ β ;

(C) X =
⋃{Aα : α ∈ NN}.

6 ditto, if X is countably K -determined, there is a second countable space

M and a family {AK : K ∈K (M)} such that:

(A) each AK is compact;
(B) AK ⊂ AF whenever K ⊂ F ;
(C) X =

⋃{AK : K ∈K (M)}.
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To keep in mind

Proposition

Let X be a metric space and ψ : X → 2Y multi-valued . TFAE:

1 ψ is usco;

2 ψ is compact valued + For every sequence xn→ x in X if
yn ∈ ψ(xn), n ∈ N then (yn)n has a cluster point y ∈ ψ(x).
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Simple facts to keep in mind

1 NN endowed with the product of discrete topology on N is
separable and metrizable with a complete metric (i.e. NN is a
Polish space).

2 If αn→ α in NN then there is β ∈ NN such that

αn,α ≤ β

(here ≤ stands for the natural order for the coordinates)
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1 NN endowed with the product of discrete topology on N is
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Polish space).
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2nd LECTURE/SEP 15 2011/Things to remember

Upper semi-continuous set-valued map (multi-function)

U

x0

-X 2Y
ψ

x

V

ψ(x)

ψ(x0)

j

:

1 Y is K -analytic if there is ψ : NN→ 2Y that is upper semi-continuous
compact-valued and such that Y =

⋃
α∈NN ψ(α);
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2nd LECTURE/SEP 15 2011/Things to remember

1 K -analytic ⇒ Lindelöf;

2 K -analytic + metrizable (or sub-metrizable) ⇒ separable;

3 if X is K -analytic (ψ : NN→ 2X ) and Aα := ψ({β : β ≤ α}) then:

(A) each Aα is compact;
(B) Aα ⊂ Aβ whenever α ≤ β ;

(C) X =
⋃{Aα : α ∈ NN}.
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From increasing compact coverings to K -analyticity

Let X be a topological space {Aα : α ∈ NN} of subsets of X with:

(A) each Aα is compact;
(B) Aα ⊂ Aβ whenever α ≤ β ;

(C) X =
⋃{Aα : α ∈ NN}.

Given α = (nk) ∈ NN and m ∈ N, define

Cn1,n2,...,nk :=
⋃
{Aβ : β |k = (n1,n2, . . . ,nk)}

Proposition, B. C., 1987

Given X and {Aα : α ∈ NN} as above, if we define ϕ : NN→ 2X given by

ψ(α) :=
∞⋂

k=1

Cn1,n2,...,nk

then:

Aα ⊂ ψ(α), hence ψ(NN) = X ;

if αn→ α in NN and yn ∈ ψ(αn) then (yn) has a cluster point in ψ(α);

X has K -analytic structure if countably compact subsets=compact subsets.
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From where the ideas were inspired

Talagrand, Ann. of Math. 1979
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Two nice previous cases

Valdivia, J. London Math. Soc. 1987

QUASI-LB-SPACES

MANUEL VALDIVIA

Introduction

Grothendieck conjectured in [4] that the closed graph theorem holds when the
domain space is ultrabornological and the range space belongs to a class of locally
convex spaces containing the Banach spaces which are stable under the following
operations: countable topological products, countable topological direct sums,
separated quotients and closed subspaces. In particular, if Q is a non-void open subset
of ^-dimensional euclidean space, then 3>(Q) and <2)'{£l) belong to this class. In [8],
Slowikowski defined a class of range spaces that contains $)(Q) and 2)'{QL) and verified
the closed graph theorem when the domain space is a Banach space. Rafkow [7] gives
a solution to Grothendieck's conjecture, using to some extent the ideas of Slowikowski.
De Wilde gives in [2] a positive answer to the Grothendieck conjecture for webbed
spaces. In this article we introduce quasi-LB-spaces, which form a subclass, with
a simple definition, of the class of Slowikowski; these spaces also answer the
Grothendieck conjecture. We proved in [12] that the Slowikowski spaces coincide with
those of Rafkov, and that the strict webbed spaces are Slowikowski also. A
quasi-LB-space is a strict webbed space, and a locally complete webbed space is a
quasi-LB-space and thus a strict webbed space. This property, that answers an old
question posed by De Wilde, allows us to simplify the theory of webbed spaces
developed by De Wilde, looking at larger and different aspects than he does. We have
introduced the quasi-LB-spaces because of their simple definition and good properties,
and because they show up the underlying structure of the closed graph theorem in
a form that we believe to be very clear, and that is related to the classical Banach
theorem [1]. This structure is shown clearly in the lifting and localization theorems
that we present in this article as in the method of answering De Wilde's question.

2. Terminology and notation

The vector spaces we shall use here are defined over the field K of real or complex
numbers. We suppose that ATis endowed with the ordinary topology. The word' space'
mans 'separated locally convex space' unless the contrary is specifically stated. Given
a space E, we write E for its topological dual; by o(E',E) and /?(£"',E) we denote the
weak and strong topologies on E', respectively. We write E'[a{E', E)] and £"[/?(£", E))
for E' endowed with the topologies a(E', E) and fi(E', E), respectively. We denote by
E the completion of E.

Let Q be an open subset of H-dimensional euclidean space; we denote by 2){Q)
the test space of distributions with its ordinary topology. By 3)'(Q) we denote its strong
topological dual.

Given spaces E and F, we denote by L(E, F) the vector space of all continuous
linear mappings of E into F. We write La(E, F) and L^E, F) for the space L(E, F)
endowed with the topology of simple convergence and the topology of uniform
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Let F be a Frechet space and let {Un: n = 1,2,:..} be a fundamental system of
neighbourhoods of the origin in F which we can take to be closed and absolutely
convex. If a = (an) is any element of NN, we set

Aa = f]{anUn:n=\,2,...}.

The set Aa is a Banach disc and we have the following properties.
(1) The family {^a: ae NN} covers F. (2) If a ,0e NN and a ̂  /?, then Aa a Ap.
Let us now suppose that F is an LB-space. There is an increasing sequence Bn of

Banach discs covering F. For every a = (an)eNN, we set Aa = Bai; then the family
{^a:aeMN} has properties (1) and (2) also.

We shall see later that properties (1) and (2) are important in order to obtain some
results on the closed graph theorem. This is the reason for introducing the following
definitions. A quasi-LB-representation in a topological vector space F is a family
{Aa: a e NN} of Banach discs satisfying the following conditions:

2. //"a,/?e NN anda^P then Aa c Afi.

We shall say that a space admitting a quasi-LB-representation is a quasi-LB-space.

PROPOSITION 1. Let F be a quasi-LB-space. Let G be a space such that there is a
continuous linear mapping from F onto G. Then G is a quasi-LB-space.

Proof. Let {Aa: ae NN} be a quasi-LB-representation of F. It is easy to show that

is a quasi-LB-representation of G.

PROPOSITION 2. The countable product of quasi-LB-spaces is a quasi-LB-space.

Proof. For each j in a given countable set / , we denote by ^ a space admitting
a quasi-LB-representation

We write

F=U{Fj:jeJ}.

Let <f> be a one to one mapping from N onto JxN. For ô  = (a^ n)e MN,jeJ, we put
df(n) — bn, n= 1,2,..., {//(ocj-.jeJ}) = (bn)eNN. Then y/ is a one to one mapping
from (NN)J onto N*1. If a is any element of ^ and {(XfjeJ) = y/-\<x), we set

It is now easy to conclude that {Aa: a e N^} is a quasi-LB-representation of F.

PROPOSITION 3. The topological direct sum of a countable family of quasi-
LB-spaces is a quasi-LB-space.

Proof Since the finite topological product of spaces is isomorphic to the
topological direct sum of those spaces, by Proposition 2 it is enough to prove the result
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Talagrand’s solution to a conjecture Corson

Theorem, Talagrand 1975

Every WCG Banach space E is weakly Lindelöf.

Proof.-

Fix W ⊂ E absolutely convex w -compact with E = spanW .

Given α = (nk) ∈ NN,

Aα :=
(
n1W + BE ∗∗

)
∩
(
n2W +

1

2
BE ∗∗

)
∩·· ·∩

(
n1W +

1

k
BE ∗∗

)
∩ . . .

Proposition ⇒ (E ,w) K -analytic ⇒ (E ,w) Lindelöf. ♣
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Fréchet-Montel spaces

Theorem, Dieudonné 1954

Every Fréchet-Montel space E is separable (in particular H (Ω) is separable).

Proof.-

Fix V1 ⊃ V2 ⊃ ·· · ⊃ Vn . . . a basis of closed neighborhoods of 0.

Given α = (nk) ∈ NN,

Aα :=
∞⋂

k=1

nkVk .

{Aα : α ∈ NN} fundamental family of bdd closed sets=compact;

Proposition ⇒ E K -analytic +metrizable ⇒ E Lindelöf + metrizable ⇒
E separable. ♣
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D ′(Ω) is analytic

Theorem, D ′(Ω) is analytic.

The strong dual of every inductive limit of Fréchet-Montel spaces is analytic.

Km ↗ Ω ⊂ R sucesión exhaustiva de compactos

E1 ↪→ E2 ↪→ · · · ↪→ Em ↪→ · · · ↪→ E

U1
1

∪
......

∪�� ��U1
n1

∪
...

U2
1

∪
............

∪�� ��U2
n2

∪
...

Um
1

∪
··
∪�� ��Um
nm

∪
...

α = (nk)k

Uα := aco
(⋃

∞
k=1 Uk

nk

)

Uβ ⊂ Uα si α ≤ β ; U := {Uα : α ∈ NN} neigh. basis of 0 en E .

Aα := U◦α compact & Aα ⊂ Aβ , α ≤ β ;

E ′ = ∪{Aα : α ∈ NN} and E ′ sub-metrizable ⇒ E ′ K -analytic
sub-metrizable ⇒ E ′ analytic.

Schwartz, 1964

Any Borel linear map from a separable Banach space into D ′(Ω) is continuous.
In particular, the Closed Graph Theorem holds for linear maps

T : D ′(Ω)→D ′(Ω).
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Metrizability of compact sets (I)

K compact space & {Aα : α ∈ NN} subsets of (K ×K )\∆. We
write:

(A) each Aα is compact;

(B) Aα ⊂ Aβ whenever α ≤ β ;

(C) (K ×K )\∆ =
⋃{Aα : α ∈ NN}.

Theorem (Orihuela, B.C. 1987)

(A) + (B) + (C) + (D) ⇒ K is metrizable.
(D) For each compact set F ⊂ (K ×K )\∆, there is Aα such that

F ⊂ Aα .
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Metrizability of compact sets (I)

Theorem (Orihuela, B.C. 1987)

(A) + (B) + (C) + (D) ⇒ K is metrizable.
(D) For each compact set F ⊂ (K ×K)\∆, there is Aα such that F ⊂ Aα .

K compact space & {Aα : α ∈ NN} subsets of (K ×K)\∆. We write:

(A) each Aα is compact;

(B) Aα ⊂ Aβ whenever α ≤ β ;

(C) (K ×K)\∆ =
⋃{Aα : α ∈ NN}.

Proof.-

1 Given α ∈ NN, define Nα := (K ×K)\Aα .

2 Nα is a basis of open neighborhoods of ∆;

3 Bα := {f ∈ C(K) : ‖f ‖∞ ≤ n1, |f (x)− f (y)| ≤ 1
m , whenever (x ,y) ∈Nα|m};

for α|m := (nm,nm+1, . . .), m ∈ N.

4

(A) each Bα is ‖ ‖∞-bdd & closed & equicontinuous
Ascoli⇒ Bα is

‖ ‖∞-compact;
(B) Bα ⊂ Bβ whenever α ≤ β ;

(C) C (K ) =
⋃{Bα : α ∈ NN}.

5 (C(K),‖ ‖∞) is K -analytic +metrizable ⇒ E Lindelöf + metrizable ⇒ E
separable ⇒ K is metrizable. ♣
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The original paper

Math. Z. 195, 365-381 (1987) Mathematische 
Zeitschrift 

 9 Springer-Verlag 1987 

On Compactness in Locally Convex Spaces 

B. Cascales and J. Orihuela 
Departamento de Analisis Matematico, Facultad de Matematicas, Universidad de Murcia, 
E-30.001-Murcia-Spain 

1. Introduction and Terminology 

The purpose of this paper is to show that the behaviour of compact subsets in 
many of the locally convex spaces that usually appear in Functional Analysis 
is as good as the corresponding behaviour of compact subsets in Banach 
spaces. Our results can be intuitively formulated in the following terms: Deal- 
ing with metrizable spaces or their strong duals, and carrying out any of the 
usual operations of countable type with them, we ever obtain spaces with their 
precompact subsets metrizable, and they even give good performance for the weak 
topology, indeed they are weakly angelic, [-14], and their weakly compact subsets 
are metrizable if and only if they are separable. 

The first attempt to clarify the sequential behaviour of the weakly compact 
subsets in a Banach space was made by V.L. Smulian [26] and R.S. Phillips 
[23]. Their results are based on an argument of metrizability of weakly 
compact subsets (see Floret [14], pp. 29-30). Smulian showed in [26] that a 
relatively compact subset is relatively sequentially compact for the weak to- 
pology of a Banach space. He also proved that the concepts of relatively 
countably compact and relatively sequentially compact coincide if the weak-* 
dual is separable. The last result was extended by J. Dieudonn6 and L. 
Schwartz in [-9] to submetrizable locally convex spaces. The converse to 
Smulian's theorem was stated by W.F. Eberlein [10]. This result was extended 
by A. Grothendieck [-15], to spaces of continuous functions on compact spaces 
endowed with the pointwise convergence topology. A combination of results 
by A. Grothendieck, D.H. Fremlin, J.D. Pryce and M. DeWilde allow K. 
Floret [14], p. 36, to give a proof of a general version for the Eberlein-Smulian 
theorem. In spite of its powerful applications, the scope of the "Eberlein- 
Smulian theorem does not include some important classes of locally convex 
spaces and it gives no information about the metrizability of the compact 
subsets. 

Dealing with compactness in a locally convex space E two questions appear 
to arise: 

(1) Are the compact subsets of E metrizable? 
(2) Is the space E weakly angelic? 
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The techniques seems to be useful yet
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15.1 Fréchet-Urysohn lcs are metrizable in class G . . . . . . . . . 373
15.2 Sequential (LM)-spaces and dual metric spaces . . . . . . . . 380
15.3 (LF )-spaces with property C−3 and ϕ . . . . . . . . . . . . . . 392

16 Tightness and distinguished Fréchet spaces 401
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Given a space M , a family of sets A of a space X is ordered by M if A = {AK : K is a
compact subset of M} and K ⊂ L implies AK ⊂ AL . We study the class M of spaces which
have compact covers ordered by a second countable space. We prove that a space Cp(X)

belongs to M if and only if it is a Lindelöf Σ-space. Under MA(ω1), if X is compact and
(X × X)\# has a compact cover ordered by a Polish space then X is metrizable; here
# = {(x, x): x ∈ X} is the diagonal of the space X . Besides, if X is a compact space of
countable tightness and X2\# belongs to M then X is metrizable in ZFC.
We also consider the class M∗ of spaces X which have a compact cover F ordered by
a second countable space with the additional property that, for every compact set P ⊂ X
there exists F ∈ F with P ⊂ F . It is a ZFC result that if X is a compact space and (X× X)\#
belongs to M∗ then X is metrizable. We also establish that, under CH, if X is compact and
Cp(X) belongs to M∗ then X is countable.

 2010 Elsevier B.V. All rights reserved.

0. Introduction

Given a space X we denote by K(X) the family of all compact subsets of X . One of about a dozen equivalent definitions
says that X is a Lindelöf Σ-space (or has the Lindelöf Σ-property) if there exists a second countable space M and a compact-
valued upper semicontinuous map ϕ : M → X such that

⋃{ϕ(x): x ∈ M} = X (see, e.g., [23, Section 5.1]). It is worth
mentioning that in Functional Analysis, the same concept is usually referred to as a countably K -determined space.

Suppose that X is a Lindelöf Σ-space and hence we can find a compact-valued upper semicontinuous surjective map
ϕ : M → X for some second countable space M . If we let FK = ⋃{ϕ(x): x ∈ K } for any compact set K ⊂ M then the family
F = {FK : K ∈ K(M)} consists of compact subsets of X , covers X and K ⊂ L implies FK ⊂ FL . We will say that F is an M-
ordered compact cover of X .

The class M of spaces with an M-ordered compact cover for some second countable space M , was introduced by
Cascales and Orihuela in [9]. They proved, among other things, that a Dieudonné complete space is Lindelöf Σ if and only
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Metrizability of compact sets (II)

K compact space & {Aα : α ∈ NN} subsets of (K ×K)\∆. We write:

(A) each Aα is compact;

(B) Aα ⊂ Aβ whenever α ≤ β ;

(C) (K ×K)\∆ =
⋃{Aα : α ∈ NN}.

Theorem (Orihuela, Tkachuk, B.C. 2011)

(A) + (B) + (C) + MA(ω1) ⇒ K is metrizable.

208 B. Cascales et al. / Topology and its Applications 158 (2011) 204–214

Proof. Fix any set X ⊂ Z and assume that X is dominated by a second countable space. For any set A ⊂ X we denote by
clX (A) (or clZ (A)) the closure of the set A in the space X (or in Z respectively). By Proposition 2.6, there exist a cover C
of the space X and a countable network N with respect to C such that for every C ∈ C and any countable A ⊂ C the set
clX (A) is compact and contained in C .

If C ∈ C and C is not closed in Z then we can find a point x ∈ clZ (C)\C . By countable tightness of Z , there exists
a countable A ⊂ C such that x ∈ clZ (A). The set F = clX (A) ⊂ C is compact and hence closed in Z ; as a consequence,
x ∈ clZ (A) ⊂ F ⊂ C . This contradiction shows that every C ∈ C is compact being closed in X . Thus N is a countable network
with respect to the compact cover C of the space X , i.e., X has the Lindelöf Σ-property. !

2.9. Theorem. If X is a compact space with t(X) ! ω and X2\# is dominated by a second countable space then X is metrizable.

Proof. The space X2 also has countable tightness [1, Theorem 2.3.3] so we can apply Theorem 2.8 to the set X2\# ⊂ X × X
to conclude that X2\# is a Lindelöf Σ-space; this easily implies that the diagonal # is a Gδ-subset of X × X and hence X
is metrizable by [11, 3.12.22(e)]. !

2.10. Corollary. If X is a Corson compact space or a first countable compact space such that X2\# is dominated by a second countable
space then X is metrizable.

2.11. Theorem. If X is a dyadic compact space and X2\# is dominated by a second countable space then X is metrizable.

Proof. If X is first countable then it is metrizable by [11, 3.12.12(e)]. Therefore we can assume that there exists a point
x ∈ X of uncountable character in X . Apply [11, 3.12.12(i)] to find an uncountable one-point compactification A of a discrete
space such that A ⊂ X and x is the unique non-isolated point of A. Then B = (A\{x})× {x} is an uncountable closed discrete
subspace of (X × X)\# while we have ext(X2\#) = ω by Theorem 2.1(h), a contradiction. !

The above results show that, to prove that any compact space X with X2\# dominated by a second countable space is
metrizable, it suffices to show that any such space has a countable tightness. While we don’t know whether this implication
is true in general, we do present some partial progress in this direction.

2.12. Theorem. AssumeMA(ω1) and suppose that X is a compact space such that X2\# is P-dominated. Then X has a small diagonal
and hence t(X) = ω.

Proof. Suppose that A = {zα: α < ω1} ⊂ X2\# and α $= β implies zα $= zβ . Fix a P-directed cover {Kp: p ∈ P} of compact
subsets of X2\#. Take pα ∈ P such that zα ∈ Kpα for any α < ω1.

It follows from MA(ω1) that there exists p ∈ P such that pα !∗ p for any α < ω1. The set P = ⋃{Kq: q ∈ P and q =∗ p}
is σ -compact and A ⊂ P . Consequently, there is q ∈ P for which Kq ∩ A is uncountable; therefore the set Kq ∩ A witnesses
the small diagonal property of X . Since no space with a small diagonal can have a convergent ω1-sequence, it follows from
[16, Theorem 1.2] that X has no free sequences of length ω1, i.e., t(X) ! ω. !

2.13. Corollary. Under MA(ω1), if X is a compact space such that X2\# is dominated by a Polish space then X is metrizable.

Proof. Apply Proposition 2.2 to see that the space X2\# is dominated by P so t(X) ! ω by Theorem 2.12 and hence X is
metrizable by Theorem 2.9. !

In the rest of this section we study the spaces hereditarily dominated by a second countable space. The motivation here
is a result of Hodel established in [14, Corollary 4.13]; it says that any hereditarily Lindelöf Σ-space is cosmic. We will look
at this hereditary property in function spaces to show that a somewhat stronger statement is true in a general situation
under Martin’s Axiom.

The following fact is an immediate consequence of [26, Proposition 2.7].

2.14. Proposition. If X is a space which has a countable networkmodulo a cover of X by countably compact sets then Cp(X) is Lindelöf
Σ-framed, i.e., there is a Lindelöf Σ-space L such that Cp(X) ⊂ L ⊂ RX .

2.15. Theorem. A space Cp(X) is dominated by a second countable space if and only if it is Lindelöf Σ .

Proof. We must only prove necessity. Suppose that Cp(X) is dominated by a second countable space M and fix a family
{FK : K ∈ K(M)} which witnesses this. It follows from Proposition 2.14 and Proposition 2.6 that Cp(Cp(X)) is Lindelöf Σ-
framed. Applying [21, Theorem 3.5] we conclude that υ(Cp(X)) is a Lindelöf Σ-space and hence υ X is a Lindelöf Σ-space
by [21, Corollary 3.6].
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belongs to M if and only if it is a Lindelöf Σ-space. Under MA(ω1), if X is compact and
(X × X)\# has a compact cover ordered by a Polish space then X is metrizable; here
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0. Introduction

Given a space X we denote by K(X) the family of all compact subsets of X . One of about a dozen equivalent definitions
says that X is a Lindelöf Σ-space (or has the Lindelöf Σ-property) if there exists a second countable space M and a compact-
valued upper semicontinuous map ϕ : M → X such that

⋃{ϕ(x): x ∈ M} = X (see, e.g., [23, Section 5.1]). It is worth
mentioning that in Functional Analysis, the same concept is usually referred to as a countably K -determined space.

Suppose that X is a Lindelöf Σ-space and hence we can find a compact-valued upper semicontinuous surjective map
ϕ : M → X for some second countable space M . If we let FK = ⋃{ϕ(x): x ∈ K } for any compact set K ⊂ M then the family
F = {FK : K ∈ K(M)} consists of compact subsets of X , covers X and K ⊂ L implies FK ⊂ FL . We will say that F is an M-
ordered compact cover of X .

The class M of spaces with an M-ordered compact cover for some second countable space M , was introduced by
Cascales and Orihuela in [9]. They proved, among other things, that a Dieudonné complete space is Lindelöf Σ if and only

* Corresponding author.
E-mail addresses: beca@um.es (B. Cascales), joseori@um.es (J. Orihuela), vova@xanum.uam.mx (V.V. Tkachuk).

1 Research supported by FEDER and MEC, Project MTM2008-05396.
2 Research supported by Fundación Séneca de la CARM, Project 08848/PI/08.
3 Research supported by Consejo Nacional de Ciencia y Tecnología de México, Grant U48602-F.
4 Research supported by Programa Integral de Fortalecimiento Institucional (PIFI), Grant 34536-55.

0166-8641/$ – see front matter  2010 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2010.10.014

K compact space &
{Aα : α ∈ NN} ⊂ (K ×K )\∆.
We write:

(A) each Aα is compact;

(B) Aα ⊂ Aβ whenever α ≤ β ;

(C) (K ×K )\∆ =
⋃{Aα :

α ∈ NN}.

Open question

(A) + (B) + (C)
?⇒ K is metrizable.
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Lower semicontinuous multi-functions

Definition

If X and Y are topological spaces, a multi-functions ψ : X → 2Y is
said to be lower semicontinuous if for every open set G ⊂ Y the set

{x ∈ X : ψ(x)∩G 6= /0}

is open in X .

Example

f : Y → X onto, then ψ : X → 2Y given by

ψ(x) := f −1(x), for every x ∈ X

is lower semicontinuous iff f is open.

Proof.- {
x ∈ x : f −1(x)∩G 6= /0

}
= f (G).
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Michael’s selection theorem

Theorem (Michael, 1956)

If X is paracompact (for instance compact or metric) E a Banach
space and ψ : X → 2E is lower semicontinuous with closed convex
values, then ψ has a continuous selector.

Corollary (Teorema de Bartle-Graves, 1952)

If E and F are Banach spaces, and T : E → F lineal continuous
and onto then there is a continuous map S : F → E such that
T ◦S = idF .

Apply the above to E → E/H for H ⊂ E closed subspace.
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Sandwich’s theorem

f1 u. s.

h cont.

S(f2) =
{

(x, y) : y ≥ f2(x)
}

U(f1) =
{

(x, y) : y ≤ f1(x)
}j

f2 l. s.

*

Theorem

Let f2, f1 : K → R be a lower and a upper
semicontinuous function with f2 ≥ f1. Then, there
exists a function h ∈ C(K) such that f2 ≥ h ≥ f1.
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Sandwich’s theorem

f1 u. s.

h cont.

S(f2) =
{

(x, y) : y ≥ f2(x)
}

U(f1) =
{

(x, y) : y ≤ f1(x)
}j

f2 l. s.

*

Theorem

Let f2, f1 : K → R be a lower and a upper
semicontinuous function with f2 ≥ f1. Then, there
exists a function h ∈ C(K) such that f2 ≥ h ≥ f1.

1 define ψ(x) = [f(x), f2(x)] for x ∈ K ;

2 ψ : K → 2R satisfy Michael’s theorem
hypothesis. Indeed, if G = ∪i∈I (ai ,bi )⊂ R is
open, then

{x ∈ X : ψ(x)∩G 6= /0}=

=
⋃

i∈I
{x ∈ X : ψ(x)∩ (ai ,bi ) 6= /0}

is open.



Upper semi-continuity for multi-functions Lower semi-continuity for multi-functions Measurability

Distances vs.oscillations
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Let K be a compact space.
If f ∈ RK is bounded, then
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1 It is easy to check that
d(f ,C(K))≥ osc(f )/2.

2 For x ∈ K , Ux family of neighb.

osc(f )≥ inf
U∈Ux

sup
y ,z∈U

(
f (y)− f (z)

)

≥ inf
U∈Ux

sup
y∈U

f (y)− sup
U∈Ux

inf
z∈U

f (z)

3

f2(x) := sup
U∈Ux

inf
z∈U

f (z) +
osc(f )

2

≥ inf
U∈Ux

sup
y∈U
−osc(f )

2
=: f1(x)

4 Squeeze h between f2 and f1 and
d(f ,C(K)) = ‖f −h‖∞ = osc(f )/2.
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Measures of weak noncompactness

We use the formula d(f ,C (K )) = 1
2 osc(f ) to measure distances to

C (K ) and the result below to apply what we do to Banach spaces.

Proposition

Let E be a Banach space and let BE ∗ be the closed unit ball in the
dual E ∗ endowed with the w∗-topology. Let i : E → E ∗∗ and
j : E ∗∗→ `∞(BE ∗) be the canonical embedding. Then, for every
x∗∗ ∈ E ∗∗ we have:

d(x∗∗, i(E )) = d(j(x∗∗),C (BE ∗)) .
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Relationship between measures of weak noncompactness

Theorem (. . . H ⊂ E bdd. . . )

ck(H)≤ k(H)≤ γ(H)≤ 2ck(H)≤ 2k(H),

γ(H) = γ(co(H)).

For any x∗∗ ∈ H
w ∗

, there is a sequence (xn)n in H such that

‖x∗∗−y∗∗‖ ≤ γ(H)

for any cluster point y∗∗ of (xn)n in E ∗∗. Furthermore, H is weakly relatively
compact in E iff it is zero one (all) of the numbers ck(H),k(H),γ(H).

γ(H) := sup{| lim
n

lim
m

fm(xn)− lim
m

lim
n

fm(xn)| : (fm)⊂ BE∗ ,(xn)⊂H},

ck(H) := sup
(hn)n⊂H

d(
⋂

m∈N
{hn : n >m}w

∗
,E),

k(H) := d̂(H
w∗

,E) = sup

x∗∗∈Hw∗
d(x∗∗ ,E),

The result above is the quantitative version of Eberlein-Smulyan and Krein-Smulyan theorems. From
k(co(H))≤ 2k(H) straightforwardly follows Krein-Smulyan theorem.
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Other extensions, applications and references

C. Angosto and B. Cascales.

The quantitative difference between
countable compactness and compactness.

J. Math. Anal. Appl. (2008),
doi:10.1016/j.jmaa.2008.01.051, 2008.

C. Angosto, B. Cascales, and I. Namioka.

Distances to spaces of Baire one functions.

Math. Z., 263(1):103–124, 2009.

B. Cascales, W. Marciszesky, and M. Raja.

Distance to spaces of continuous
functions.

Topology Appl., 153(13):2303–2319, 2006.
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Measurability
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Our interest in selections: the integral of a multifunction

F : Ω−→ cwk(E) –convex w -compact

g

G

t0 1

?

6
f

There are several possibilities to define the integral
of F :

1 to take a reasonable embedding j from
cwk(E) into the Banach space Y (= `∞(BE ∗))
and then study the integrability of j ◦F ;

2 to take all integrable selectors f of F and
consider

∫
F dµ =

{∫
f dµ : f integra. sel.F

}
.

1 Debreu, [Deb67], used the embedding technique together with Bochner
integration for multi-function with values in ck(E) – convex compact
subsets of E ;

2 Aumann, [Aum65], used the selectors technique;

3 They used the above definitions in some models in economy: Debreu
Nobel prize in 1983; Aumann Nobel prize in 2005

4 Pettis integration for multi-functions was developed in the separable case.

The non-separable case

Pettis integration theory was stuck in the separable case for the lack of a
selection result in the general case.
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Naive approach to find measurable selectors

1 start with a nice characterization of measurability for
f : Ω→ E ;

2 GUESS!!! what would be the natural extension (P) of the
above for multi-functions F : Ω→ 2E ;

3 Try to prove that (P) REALLY gives us measurable
selectors;

How good is this approach going to be?

As good as the real applications you can get!!!
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Starting point. . . an elementary result

Exercise

f : Ω→ R. TFAE:

1 f is (µ-)measurable;

2 For every ε > 0 A ∈ Σ+ there is B ∈ Σ+
A such that

| · |−diam f (B) < ε.
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Starting point. . . an elementary result

Exercise

f : Ω→ E . TFAE:

1 f is (µ-)measurable;

2 For every ε > 0 A ∈ Σ+ there is B ∈ Σ+
A such that

‖ ‖−diam f (B) < ε.



Upper semi-continuity for multi-functions Lower semi-continuity for multi-functions Measurability

A naive approach. . .

f : Ω→ E

For every ε > 0 A ∈ Σ+ there is B ∈ Σ+
A such that

‖ ‖−diam f (B) < ε.

Is there a reasonable extension of the above for multi-functions?

Definition

F : Ω→ 2E satisfies
property (P) if for each ε > 0
and each A ∈Σ+ there exist
B ∈Σ+

A and D ⊂ E with
diam(D) < ε such that

F (t)∩D 6= /0 for every t ∈ B.

(P) is the measure theory counterpart of σ -fragmentable
multi-functions introduced by Jayne-Pallarés-Orihuela and Vera
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Multi-functions

Property (P)

F : Ω→ 2E satisfies property (P) if for each ε > 0 and each A ∈Σ+ there exist B ∈Σ+
A and D ⊂ E with

diam(D) < ε such that F (t)∩D 6= /0 for every t ∈ B.

1 Fix n = 0;

23 apply (P) for A = Ω, ε and F ;

4 a maximality argument produces a partition of B ′s;

5 enumerate B ′s as {Bn} and choose any xn ∈Dn ;

6 define fε := ∑n χBn xn ;

7 fε is µ-measurable and d(fε (t),F (t)) < ε µ-a.e.;

8 define Fε (t) := F (t)∩B(fε (t),ε);

9 IF Fε satisfies (P) GOTO 11;

10 STOP;

11 n := n+ 1;

12 GOTO 2.

Conclusion

We produce a sequence (fn) : Ω→ E of µ-measurable functions such that
(fn(t)) is Cauchy µ-a.e., hence it is convergent.
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10 STOP;

11 n := n+ 1;

12 GOTO 2.

Conclusion

We produce a sequence (fn) : Ω→ E of µ-measurable functions such that
(fn(t)) is Cauchy µ-a.e., hence it is convergent.
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Multi-functions: measurable selections

Corollary, Kuratowski-Ryll Nardzewski, 1965

Let F : Ω→ 2E be a multi-function with closed non empty values of E . If E is
separable and F satisfies that

{t ∈Ω : F (t)∩O 6= /0} ∈Σ for each open set O ⊂ X . (E)

Then F admits a µ-measurable selector f .

Very little is known in the non separable case

Theorem

For a multi-function F : Ω→ wk(E) TFAE:

(i) F admits a strongly measurable selector.

(ii) There exist a set of measure zero Ω0 ∈Σ, a separable subspace Y ⊂ X
and a multi-function G : Ω\Ω0→ wk(Y ) that is Effros measurable and
such that G(t)⊂ F (t) for every t ∈Ω\Ω0;

(iii) F satisfies property (P).
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We also developed techniques to prove

Theorem

F : Ω→ cwk(E ) scalarly measurable. Then there is a collection
{fα}α<dens(E ∗,w∗) of scalarly meas. selectors of F such that

F (t) = {fα (t) : α < dens(E ∗,w∗)} for every t ∈ Ω.

Theorem

If F : Ω→ cwk(E ) a Pettis integrable multi-function, then:

every scalarly measurable selector is Pettis integrable;

F admits a scalarly measurable selector.

Furthermore, F admits a collection {fα}α<dens(E ∗,w∗) of Pettis
integrable selectors such that

F (t) = {fα (t) : α < dens(E ∗,w∗)} for every t ∈ Ω.

Moreover,
∫
AF dµ = ISF (A) for every A ∈ Σ.
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