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Abstract We introduce a cardinal function that assigns to each topological space
Y a cardinal number ¢X(Y) that measures how the space is determined by its
compact subsets via upper semicontinuous compact valued maps defined on me-
tric spaces. By doing so we extend and take to a different dimension the study
of the so-called countably K-determined spaces (or Lindel6f Y-spaces) and their
associates Gul’ko compacta. We study the behaviour of ¢X(-) with respect to the
usual operations for topological spaces as well as some of the standard opera-
tions within the category of Banach spaces. We study the relationship of ¢X(-)
with regard to other cardinal functions like for instance the weight w(-) of spaces,
for which we observe that although for any compact space K we always have
(X (C(K), ) < w(C(K),Tp) there is a space Y such that w(Y) < £X(Y): the ex-
ample Y is a subspace of BN of cardinality 22~ whose compact subsets are finite.
We also study some weakening of Ggs-conditions for diagonal of compact spaces
that still imply metrizability of the underlying space and that have numerous ap-
plications in functional analysis. We close the paper establishing the relationship
between ¢X(-), the Y-degree introduced by Hoédel and the class of strong X-spaces
studied by Nagami and others.

Keywords usco maps - cardinal functions - number of Nagami - X-degree -
Lindelof X-spaces - Gg-diagonal

The research of B. Cascales and J. Orihuela was supported by FEDER and MEC grant
MTM2008-05396 and by Fundacién Séneca (CARM), grant 08848/PI/08.

B. Cascales and J. Orihuela

Departamento de Matemaéticas

Universidad de Murcia

Campus de Espinardo

30100 Espinardo. Murcia. Spain.

E-mail: beca@um.es and E-mail: joseoriQum.es

M. Muiioz

Departamento de Matematica Aplicada y Estadistica.
Universidad Politécnica de Cartagena

Campus Muralla del Mar

30202 Cartagena, Murcia, Spain.

E-mail: maria.mg@upct.es



2 B. Cascales et al.

Mathematics Subject Classification (2000) MSC 54C60 - 54A25

1 Introduction

In this paper we exploit once again the idea, quite useful in topology and its appli-
cations to analysis, of using cardinal functions defined in the category of Hausdorff
topological spaces Y’s to study the impact of these invariants on properties of the
subjacent spaces, properties of its compact subsets, properties of the space of con-
tinuous functions C(Y), etc. Good examples of these cardinal functions are: the
cardinality |Y|, the weight w(Y"), the tightness ¢(Y), the Lindeléf number £(Y), the
density d(Y'), the character x(Y) and the network number nw(Y’). For the defini-
tion of these cardinal functions, the relationship between them and related results
we refer the reader to the references [1,2,3] and [13]. Here is a good and very
useful example, that we will use later, of how these cardinal functions interact:

Theorem 1 (Arkhangel’ski-Pytkeev, [3,27]) Let Y be a topological space and m
a cardinal number. Then, t(Cp(Y)) < if, and only if, £(Y™) < m for every n € N.

A good deal of research along these lines has been done in past decades as well
as in recent years: many papers could be referenced as source of inspiration for the
ideas presented here but those with the strongest influence are [6,29]. Beside the
latter, the interested reader could find the book by J. Kakol, W. Kibis and M.
Lépez Pellicer [18] and the references therein as a good source of comprehensive
information in the area this paper deals with.

Throughout this paper all cardinal numbers we shall use are infinite. A cardinal
number m is identified with the set of all ordinals less than m; in particular m is
a set of cardinality m that is also considered as a topological space endowed with
the discrete topology; if n is another cardinal number we will consider the product
space m" endowed with the product topology (with respect to the discrete topology
on each factor); also, m" will denote the cardinality of the set m". Finally, 24 stands
for the family of all subsets of A: when a cardinal number m is considered as a set,
2™ is also a set of cardinality 2™. w denotes the smallest infinite cardinal.

The next definitions, that were introduced in [24], establish the cardinal func-
tions announced in the abstract that we thoroughly study in this paper.

Definition 2 Let Y be a topological space.

(i) The number £X(Y) of K-determination of Y is defined as the smallest cardinal
number m for which there are a metric space (M,d) of weight m and a usco map
¢: M —2Y such that Y = J{¢(z) : 2 € M}.

(ii) The number Nag(Y') of Nagami of Y is defined as the smallest cardinal number m

for which there are a topological space X of weight m and a usco map ¢ : X — 2Y
such that Y = J{¢(z) : z € X}.

Recall that if X and Y are topological spaces, a multi-valued map ¢ : X — 2Y is
said to be wsco if it is compact valued and upper semicontinuous, i.e., for every
x € X the set ¢(z) is compact, non-empty and for every open set V C Y with
¢(z) C V there is an open neighborhood U of z such that ¢(U) =,y ¢(y) C V.

Let us note that the class of spaces Y’s with £X(Y) = w is the class that authors
in functional analysis refer to as countably K-determined spaces, [17, Sec. 5.1]; it
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is worth mentioning that in topology, this class of spaces is referred to as Lindel6f
Y -spaces.

Here is a brief description of the contents of the paper. We start in Sec-
tion 2 by giving a characterization of the existence of usco maps ¢ : X — 2V
whose range covers Y in terms of families of closed sets in 8Y that determine Y.
In section 3 we study the behaviour of ¢X(-) and Nag(-) on subspaces, unions,
products, usco images, when taking generated subspaces and closures in Banach
spaces, etc. In particular we prove that for a compact space K we always have
that (X(C(K), ) < w(C(K),p) and we give an example of a space Y such that
w(Y) < ¢X(Y) that also exhibits that Nag(Y) < ¢X(Y). In section 4 we offer
some applications to spaces of continuous functions and we use £X(-) to extend
the results of the so-called Gul’ko compact spaces (or compact spaces of type £2),
see [29], to the general setting of compact spaces K homeomorphic to pointwise
compact sets of some C(Y), where £X(Y) = m is an arbitrary cardinal number.
In section 5 we study some weakening of Gg-conditions for diagonal of compact
spaces that still imply metrizability of the underlying space and that have nu-
merous applications in functional analysis; these results strengthen and extend
classical ones as well as a result recently published in [9]. Finally, in Section 6 we
study the relationship between the X-degree X (Y) introduced by Hodel and the
number of Nagami, obtaining that Nag(Y) = max{X(Y),¢(Y)} for any completely
regular space Y.

Our notation and terminology are standard. We take the books by Engelking,
Kelley and Kothe, [13], [19] and [21], as our references for topology, Banach and
topological vector spaces. Our topological spaces are Hausdorff and usually referred
to by letters M, X, Y, Z, ...; compact spaces are denoted by K, L, ... Given a
topological space Z we denote by C(Z) the space of real continuous functions
defined on Z; 7,(Z) (or just 7p if no misunderstanding arises) is the topology
in C(Z) of pointwise convergence on Z; when Z = K is compact || - || denotes
the supremum norm on C(K). Given a space Z we denote by K(Z) the family
of all compact subsets of Z. The diagonal of Z is the subset of Z x Z given by
A= {(z,2) : * € Z}. Finally, when (Y,]| - ||) is a Banach space, By denotes its
closed unit ball, Y* is the (topological) dual space and Y** is the bidual; the weak
topology of Y is denoted by w and w* is the weak™ topology in the dual. If Z is a
subset of Y we denote by span{Z} the vector subspace generated by Z.

2 A basic result

Our goal in this section is to characterize, see Theorem 5, when a topological space
is the usco image of a subspace X' of some m".

We use the notions of filter and filter base as introduced in [13, p. 52]. The
notions of net and subnet used here can be found in [13, p. 49] and [19, p. 65]. We
say that the filter F subconverges to a subset L in a topological space Y, if given any
open subset V C Y with L C V there exists F' € F such that F C V. We say that
a filter base B subconverges to L when the filter F generated by B subconverges
to L. A good deal of information about subconvergent filters and their relative
compactoid filters can be found in [5,12,22] and the references therein.

Nice examples of subconvergent filters are produced by usco maps. Indeed, a
multi-valued map ¢ : X — 2 is a usco map when for every z € X the set o(z) is
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non empty and compact and the filter base B = {¢(N) : N € N} subconverges to
¢(z), where N is any basis of open neighborhoods of z.

Lemma 3 Let T be a topological space, Y C T a subspace and B a filter base in Y. If
B subconverges to a compact subset L of Y, then

ﬂ BY = ﬂ B cv.
BeB BeB

. . =Y =T . . .
Proof The inclusion gcp B C (\gen B' is obvious. To finish we prove that

Npen B L. Note that B is also a filter base in T that subconverges to L C T. If
z € L we can take Uz and V; open sets in T with z € Uz, L C V; and U NV, = 0.
Using that B subconverges to L we can choose B € B such that B C V;, C T\ Us.

Since T\ Uy is closed in Y we conclude that B cT \ Uz and therefore = ¢ BY.
This finishes the proof.

The proof of the result that follows is included for the sake of completeness.

Lemma 4 For any topological space X with m = w(X) and n = x(X), there are a
subspace X C m" and a continuous onto map f: X — X.

Proof Let O = {O; : i € m} be a base for the topology of X. We define ¥’ C m" as
follows

Y :={(ij)jen € m" : (O4;)jen is a base of open neighborhoods for some = € X}.

The map f: X — X given by f((i;);) := (e, Oi; satisfies the conditions that
we are looking for. The map f is well-defined and onto by the definition of X. We
will prove that f is continuous. Let (i;)jen be an element of X and f((45) en) = .
It means that (O;;)jen is a base of open neighborhoods of z. Let U be an open
neighborhood of z. Then there exists jo € n such that x € O% C U. We define the
open set in X given by

G :=A{(s5)jen € X sj, =1j,}
Then (ij)jen € G and every element (s;)jen € G satisfies that
f(s5)=[)0s; COs;, =0;, CU.
JEN
Hence z € f(G) C U and the continuity of f is concluded.
Now we have all the elements to prove the main result of this section.

Theorem 5 Let Y be a topological space and n < m two cardinal numbers. The fol-
lowing statements are equivalent:

(i) There are a topological space X with w(X) < m and x(X) < n and a usco map
¢: X =2V such that Y = J{¢(z) : v € X};

(ii) There are a topological subspace ¥ C m" and a usco map @ : X — 2V such that
Y =U{®(a):aeX};

Furthermore, if Y is completely regular the above two conditions are equivalent to the
following one.
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(iii) There is a family of closed subsets A = {A; : i € m} in BY, with the property that
for every y €Y there is a subset L C m with |L| < n such that

(TS ﬂAlCY.
leL

Proof (i)=-(ii) If we we assume (i), Lemma 4 provides us with a subspace X C m"
and a continuous onto map f : X — X; the composition & := ¢o f : X — 2Y
satisfies (ii). The implication (ii)=-(i) is clear.

For the implication (iii)=-(ii) we consider the family > C m" defined as follows

2= {(ij)jen €m" : 0 # ﬂ A, CY}
JEN

Now we prove that the map @ : ¥ — 2 given by &((i;) ecn) = jen Ai; is usco. It
is clear that @((i;)en) is compact and non-empty in Y. To prove that & is upper
semicontinuous, we consider (i;)jcn € X and an open set in O C Y such that
P((i5)jen) = (jen Ai; C O. Let Ogy C BY be an open set such that Ogy NY = O.
Since BY is compact and the sets (Ai].)jen are closed in 8Y, we have that there
exists a finite set Jy C n such that njeJn Ai; COgy. We consider the set

V= {(sj)jGH cX: SJ = Zj7 .7 S ']0}7

which is clearly an open neighborhood of (i;)jen in X. We claim that (V) C O.
Indeed, for every (s;)jen € V we have that

¢((5j)j€n) = m Asj C m Asj = m Ai]- C OBY'

JEN j€Jdo j€Jo

On the other hand &((s;)jen) C Y, s0 $((sj)jen) C Ogy NY = O and this proves
that & is usco.

To finish the proof we establish that Y = [J{®((ij)jen) : (¢j)jen € £}. Given
y € Y the assumptions in (iii) ensure us that there is L C m with |L| < n and
y € Ner, A CY. Fix lp € L and g : L — n any injective map. If we define (i;) cn
by i; = 1 if j = g(I) and i; = lo otherwise, then y € ¢((ij);jen) = ;e A1 and the
proof is over.

(i)=-(iii). We assume that (i) holds and we fix O = {O; C X : i € m} a basis of

Y
the topology of X. We prove now that the family A = {qﬁ(Oi)ﬁ 1 € m} satisfies
the conditions required in (iii). Fix y € Y and take x € X such that y € ¢(z). We
observe that the there is a family A with |Nz| < n with

Ny C{O; €O : z €Oy}

and such that M is a basis of neighborhoods of the point z in X. Therefore ¢(N)
is a filter base in Y that subconverges to ¢(z) and so Lemma 3 applies to allow us
to conclude

ye (@) c6(0) : 0, ez} CY,

that finishes the proof.
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3 The number of K-determination of a space

This section is devoted to studying the behaviour of ¢X(-) and Nag(-) on sub-
spaces, unions, products, usco images, linear operations, etc. We also study the
relationship of ¢X(-) and Nag(-) with other classical cardinal functions like the
weight w(-) or density character d(-) as well as some counterexamples providing
limitation to the established relationship.

We start by noting that given a topological space Y the number Nag(Y) as
introduced in Definition 2 is well defined. On the other hand ¢3(Y) is also well
defined since every topological space is the continuous image of itself with the
discrete topology, that is a metric space. It is worth noticing that after Lemma 4,
for the definition of X (Y) we can use the family of first-countable spaces instead
of the family of metric spaces.

As a first consequence of Theorem 5 we have,

Proposition 6 LetY be a completely regular topological space and m a cardinal num-
ber. The following statements are equivalent:

(1) Nag(Y) <m (resp. £X(Y) < m);
(ii) There is a family of closed sets {A; : i € m} in BY, such that for everyy € Y

there is a set J Cm (resp. with |J| < w) such thaty € ();c; A; C Y.

The proposition that follows summarizes some properties of £X(-).

Proposition 7 For topological spaces Y, (Yj)jeJ and Z the following properties hold:

(i) Nag(Y) < w(Y) and £(Y) < Nag(Y) < X(Y) < |Y|; when Y is a metric space
then £(Y) = Nag(Y) =£X2(Y);
(ii) if J is a finite or countable set then

([ vi) < supes(vy);
jeJ jeJ
(iii) let Z CY be a closed subspace, then {X(Z) < (X (Y);
(iv) if ¢ : Y — 27 is a usco map such that Z = \J{é(y) : y € Y}, then 2(Z) < {5(Y);

this applies in particular to continuous single-valued onto maps ¢ 1Y — Z;
(v) let (Y, T) be a topological space and G a topology in'Y coarser than T; then

d(Y,7) < max{¢{X(Y,7),nw(Y,G)};

(vi) if (Yj)jes is a family of subspaces of Y and |J| < m then

¢2(|J v5) < sup{m, sup £5(Y;)};
= i€s

(vil) if Y be a topological vector space and Z C'Y then

X (span(Z)) < £3(Z).
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Proof (i) Most of the statements are easy and their proofs are left to the reader.
We will just establish £(Y) < Nag(Y). Let ¢ : X — 2¥ be a usco map from some
topological space X such that Y = [J{é(z) : 2 € X}. Let O = {O; : i € I} be
an open cover of Y. Since ¢(x) is compact for each z € X, there exists a finite
set of indexes i7,i3,...,4y, € I such that ¢(z) C Ojz UO;z U---U Oiz . We define
now the open set O(z) = U?i1 Oz Since ¢ is a usco map, there exists an open
neighborhood U(z) of x such that ¢(U(z)) C O(z). Since, 4(X) < w(X), see [13,
Theorem 3.8.12], and 4 = {U(x) : x € X} is an open cover of X, there exists a
subset S C X with |S] < w(X) such that X =J U(z). Hence, we have

zeS
v= o) c|Jow=J U Oy
zeS zeSs zeS j=1

Thus we have £(Y) < w(X) and consequently, £(Y) < Nag(Y).

(ii) For each j € J there exists a metric space M; with w(M;) = ¢X(Y;) and
a usco map ¢; : M; — 2Yi such that Y; = U{¢;j(z) : + € M;}. The metric space
M = [];c; X; with the product topology satisfies that w(M) < sup;¢; w(M;) =
sup;c s ¢X(Y;) and the map ¢ : M — 2llies Yi defined by ¢(z) := [icsi(z)),
z = (z;) e, is a usco map, see [13, Theorem 3.2.10], satisfying [ [, ; Y; = U{¢(z) :
z € M}. Hence (X([[;c;Yj) < sup;c s £X(Yj).

(iii) and (iv) straightforwardly follow from the definitions.

(v) Let M be a metric space with w(M) = ¢X(Y,7) and ¢ : M — 2¥ a 7-
usco map such that Y = [J{¢(z) : © € M}. Let us define T := M x (¥,G). An
appeal to [13, Exercise 3.1.J] ensures us that nw(T) < max{nw(M),nw(Y,G)}.
Since nw(M) < w(M) we have that

nw(T) < max{¢{X(Y,7),nw(Y,G)}. (1)

Consider the subspace of T defined by W := {(z,y) € T : y € ¢(z)}. The inequality
nw(W) < nw(T) and (1) imply

nw(W) < max{¢{X(Y,7),nw(Y,G)}. (2)

Let p: W — (Y,G) be the continuous projection map given by p(z,y) := y. We
claim that p : W — (Y,7) is also continuous. Observe that if (z;,y;);ep is a
convergent net to (x,y) in W then (y;);ep G-converges to y; now we show that
(yj)jep actually T-converges to y. Indeed, since the map ¢ is 7-usco, every subnet
of (y;)jep has a 7-cluster point in ¢(z); all these cluster points are the same,
namely y, because (y;)jep G-converges to y. Therefore (y;);ep T-converges to y
and our claim is proved. Now, since p : W — (Y, 7) is onto and continuous we have
d(Y,7) < d(W) < nw(W). Finally, the latter and inequality (2) imply

d(Y,7) < max{¢{X(Y,7),nw(Y,G)},

and (v) is proved.
Properties (vi) and (vii) are easy to check.

Remark 8 We note that properties (ii)-(vii) in Proposition 7 hold for Nag(-) with
similar proofs to those for ¢X(-). We stress that (ii) can be strengthen as follows:
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(i)’
Nag( [] Yj) < max{|J|, sup Nag(¥;)}.
jeJ jed

Take notice that all inequalities in property (i) in Proposition 7 can be strict. It
is easy to provide an example of a space Y with Nag(Y) < w(Y): if X is a reflexive
Banach space of infinite dimension then the space Y = (X, w) satisfies Nag(Y) =
(X(Y)=w<w(Y). If Y is the Songerfrey line then w = ¢(Y) < Nag(Y) because
otherwise w = £(Y) = Nag(Y) and therefore, £(Y?) < Nag(Y?) = Nag(¥) = w
that cannot be because Y2 is not Lindeldf, see [13, Example 3.8.15]. To have the
inequality ¢X(Y) < |Y| suffices to take Y = R.

To provide an example of space Y with Nag(Y) < £X(Y) is a bit more deli-
cate. Nonetheless, we shall indeed provide a sharp example Y for which we have
Nag(Y) < w(Y) < ¢X(Y). The following properties of SN are used in the con-
structions that follow: w(BN) = 2% and |8N| = 227, [13, Corollary 3.6.12]. Every
infinite closed set F' C SN contains a subspace homeomorphic to SN; in particular
w(F) =2* and |F| = 227, [13, Theorem 3.6.14]. If E and O are subsets of N such
that £ENO =, then ENO = 0 being the closures taken in BN.

The wording of example 9 below is due to J. Pelant who sent us these details in
a private communication long ago. We refer the reader to the paper by V. Tkachuk,
[30], where a stronger result can be found.

Example 9 There is a subspace Y of BN for which |Y| = 22 and its compact subsets
are finite.

Proof (Construction) We prove first that BN contains 22~ copies of itself. Let us
write
C :={K C BN : K is homeomorphic to SN},

and let us convince ourselves that |C| < 22" and IC| > 22°. To prove the first
inequality we simply observe that every K € C is separable and consequently
K = D(K) for some countable subset D(K) C SN; hence C has at most the same

w\ W
cardinality than the family of the countable subsets of SN, that is |C] < (22 ) =

22" The other way around. We prove that C has at least 22" elements. Indeed, if
E C N stands for the set of even numbers and O C N for the set of odd numbers,
then their closures E and O in BN are disjoint copies of SN. Hence |O] = 22” and
thus the family

{EU{o}:0€ O}

is made up of 22 different copies of SN.

The construction of Y mimics the construction of Bernstein’s sets in the real
line, see [11, Claim 8.8.1 in Ch. VI]. We start by writing down C = {Ks: 0 < a <
22w}. Since |Kao| = 22" for every a < 227 by transfinite induction we can choose
different points zo and yo in Ko \ ({24 :0 <y <a}U{yy: 0 <5 < a}). We claim
that both subspaces A := {z4 : 0 < v < 22w} and B:={y, : 0 <y < 22w} are
suitable to be Y. Indeed, observe that |A| = |B| = 22" and that AN B = (. Take
Y := A and let us prove that its compact subsets are finite. If we assume that
there is an infinite compact set K C Y, then K contains a copy of SN, meaning
that there is 0 < o < 22° such that K, C K C A =Y. This implies that za, ya € A
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and we reach a contradiction with the fact that yo € B and AN B = (. The proof
is over.

Proposition 10 The space Y constructed in Example 9 satisfies
Nag(Y) <w(Y) < £2(Y).

Proof We only have to prove that w(Y) < £X(Y). To do that, we begin by observing
that if (M, d) is a metric space of weight at most 2 then |[M| < 2, see [16, Theorem
4.1]. On the other hand the inequality w(BN) = 2% implies that w(Y) < 2*. We
prove now that the inequality £X(Y) < w(Y) cannot hold. Indeed, if this were the
case there would be a metric space (M, d) with weight at most 2 and a usco map
¢ : M — 2¥ such that Y = (J{¢(z) : + € M}. Bearing in mind that |M| < 2¥
and that each ¢(z) is finite we obtain that |Y| < 2¢ that contradicts the fact that
Y| = 22" and the proof is finished.

Observe that in [4, Theorem 15] is produced and an example of the kind Y =
(C(K),1p) with Nag(Y) < £X(Y); according to inequality (4) in Proposition 12
below, this example satisfies Nag(Y) < ¢X(Y) < w(Y) as opposed to Nag(Y) <
w(Y) < £X(Y) as established in Proposition 10.

Next lemma is needed several times in the paper. The rest of the section is
devoted to some preliminary study of £X(-) in C(K) and Banach spaces that will
be useful in section 4.

Lemma 11 Let 71 and 12 be two comparable topologies on Y with the same compact
sets then
LE(Y, 1) =£2(Y, 12).

Proof Assume that 72 is finer than 7. On one hand ¢X(Y, ) < ¢X(Y,m2) after
property (iv) in Proposition 7. On the other hand, if M is a metric space with
w(M) =¢3(Y,71) and ¢ : M — 2¥ a 1-usco map with Y = [ J{¢(x) : © € M}, then
by [5, Proposition 2.3] ¢ : M — 2Y is me-usco, and therefore £X(Y, 72) < £X(Y,71).
The proof is over.

Proposition 12 Let K be a compact space and' Y C C(K) a linear subspace then
(XY, 1) = LX(Y, w); (3)
In particular

(X (C(K),mp) = L2(C(K), w) < w(C(K), || - [l) =

= A(C(K).w) = d(C(K). 7p) < w(C(K). 7). @

Proof To prove equality (3) we will prove that

KZ(Y n BC(K),TP) (;) ZE(Y N BC(K),W)
and ,
(3(Y 0 Begry ) 2 45(Y, ), £3(Y 0 Begry, w) 2 45(Y, w).

Equality (a) follows from Lemma 11 bearing in mind that (Y N B¢ k), 7p) and
(Y N Be(ky, w) have the same compact subsets [14, Theorem 4.2] and 7, is coarser
than w. We prove now equality (b). Note that Y N B¢k is closed in (Y, 7p), that
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for any n € N the spaces (Y N Bg k), 7p) and (n(Y NBg(ky)), 7p) are homeomorphic
and that

U ’I’L(YﬂBC(K)) = U YﬂnBC(K) =Y.
neN neN

All the above and properties (iii), (iv) and (vi) in Proposition 7 allow us to conclude
that

fZ(Yﬁ BC(K)va) < ZZ((Y, Tp)) < Sung(n(YﬂBc(K)),Tp) = ZE(YOBC(K),TP),
ne

and therefore equality (b) is proved. Likewise, equality (c¢) can be proved and
consequently (3) follows from (a) + (b) + (c).

To finish, note that (X (C(K),7p) = (X (C(K),w) in (4) follows from (3) with
Y = C(K). Since the identity map i : (C(K),| - |loc) — (C(K),w) is continuous we
have that (X (C(K),w) < w(C(K),|| - llo)- The rest of statements in (4) are well
known. The proof is over.

Proposition 13 Let Y be a Banach space and let Z CY be a dense subspace. Then
XY, w) <UX(Z,w).

Proof Here we consider Y canonically embedded in Y**. If this is so, note that the
weak topology w on Y is the topology induced by the weak® topology w* of Y**.

Let (M,d) be a metric space with w(M) = ¢X(Z,w) and let ¢ : M — 2% be a
w-usco map such that Z = |[J{¢(z) : x € M}. For every n € N we define the usco
map extension of ¢ with values in (Y**, w™) by ¢n(z) := ¢(z) +27" By« for every
x € M. Now, for any given k € N let us define the map

dr(z1,22, -+, zk) = p1(z1) N2(z2) N Npk(zg)

for (z1,z2,---,z;) € M¥, with values in (Y**, w*) too. With domain the sub-
space My, == {z € MF : ¢,(z) # 0} the map ¢, is usco. Indeed, take a se-
quence (z7,z%, -+ ,x5) € My that converges to (z1,z2, - ,z) together with
yn € ¢p(al, 25, -+ ,z}), for n = 1,2,... Since each ¢; is w"-upper semicontin-

uous there is a w*-cluster point y of the sequence (yn)n with

y€pi(x1) N Nop(z) = gp(zr,x2,- -, T).

To finish the proof we consider

o(wn)n) = [ onlan)

defined on M := {(xn)n € MY : ¢((2n)) # 0}. Observe that we have

oo

d(en)n) € (N {7+ guBy-t =7 =

n=1

and that ¢ is compact valued in (Y, w). Since Z is dense in Y and ¢(M) = Z we
also have that ¢(M) =Y. We claim that ¢ is w-upper semicontinuous. Indeed, let
us consider (xn)n € M and a weak open set W in Y with ¢((xn)n) C W. Take a
w*-open subset V of Y** such that W =V nY. Since (), ¢n(zn) is non-empty
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and w-compact, there is an integer m such that we have ¢m(z1,---,zm) C V.
The upper semicontinuity of ¢ provides us with an open neighborhood U of
(z1, ,om) € M™ such that ¢m(U N Mmpm) C V. Then we have the inclusion

ng((U XM X - x M)ﬂ/\/l) CcVNY =W, that proves that ¢ is w-usco.
Summing up, {X(Y,w) < w(M) < w(M) =£X(Z,w). The proof is over.

Proposition 14 Let K be a compact space and let Z be a subset of C(K). If Z sepa-
rates points of K, then

(X(C(K),mp) < LX(Z,1p).

Proof Let A be the subalgebra in C(K) generated by Z and the constant functions
span{1}. We prove first that ¢X(A,1p) < ¢X(Z,7p). Observe that if we define
Y := Z U {span{1}} and for every n € N

Zn:={ft-fo-..-fn: fi€Y,i=1,...,n}
then A = span( U, Zn>. Being for every n € N the multiplication

(Y, )" — (Zn, )
(fisfo,ooosfn) — fr-fo- oo fo,

continuous and onto, we can apply properties (ii), (iv), (vi) and (vii) of Proposi-
tion 7 to conclude that

(X(A, 1p) <03 U Zn,7p) < suplX(Zn,7p) < supLX((Y,7p)") =
neN " "
=4X(Y,1p) <4X(Z,7p).

Since Z separates the points of K, the Stone-Weierstrass’s theorem, see [19, p. 244],
implies that the subalgebra A is dense in (C(K), ||-]|oc) and Proposition 13 ensures
us that ¢X(C(K),w) < £X(A,w). On the other hand equality (3) in Proposition 12
allows us to conclude that (X (C(K),mp) = £X(C(K),w) and (X (A, w) = LX(A, 7p).
Combining all the above, we finally conclude that ¢X(C(K), 1) < ¢X(Z,7p) and
the proof is over.

4 Applications to C(Y) spaces

In this section we take advantage of our previous study for ¢X(-) to obtain some
results in Cp-theory. Next result is an extension of [29, Theorem 3.4].

Proposition 15 For a compact space K and a cardinal number m, the following state-
ments are equivalent:

(i) thereis a set Z C C(K) that separates the points of K and such that ¢X(Z, 1) < m;
(i) £9(C(K), ) < m;
(iii) there is a topological space Y with £X(Y) < m such that K is homeomorphic to a
pointwise compact subset of C(Y).
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Proof The implication (i)=-(ii) follows from Proposition 14. For the implication
(if)=-(iii) it suffices to take Y = (C(K),7p). Finally, to prove the implication
(iii)=>(i) we proceed as follows: assuming that K C C(Y) we define the contin-
uous map j: Y — (C(K),7p) given by j(y)(f) := f(y), for y € Y and f € K; note
that j(Y) separates points of K and property (iv) of Proposition 7 tells us that
(X((Y),mp) < £X(Y); hence (i) holds for Z := j(Y) and the proof is over.

Proposition 16 For any topological space Y the following inequalities hold
t(C(Y),7p) < Nag(Y) < £X(Y).
Proof Using properties (i) and (ii) of Proposition 7 we have that

sup£(Y"™) < sup Nag(Y") = Nag(Y)
neN neN

Arkhangel’skifs Theorem [3, Theorem II.1.1, p. 45] implies that ¢(C(Y), ) <
Nag(Y) and the proof is over.

Given a cardinal number m, a topological space Y is called strongly m-monolithic

if for every set A CY with |A] < m we have w(A) < m, see [3].

Proposition 17 IfY is any topological space, then every compact subset K of (C(Y'), 7p)
is strongly £X(Y')-monolithic.

Proof Take A a subset of K with w < |A| < £X(Y). Define § : Y — (C(A), 7p(A))
by §(y)(h) := h(y) for y € Y and h € A. The map 6 is well-defined and continuous.
Since §(Y') separates the points of A, Proposition 14 implies that £X(C(A), 7 (A4)) <
£3(5(Y), 7(A)). On the other hand, since 4 is continuous we can use property (iv)
of Proposition 7 to deduce that ¢X(5(Y),7p(A)) < £X(Y). Combining the two
inequalities established as of now we obtain that

(3(C(A), 7p(A)) < £2(Y). (5)
Note also that by the very definitions involved we have the inequalities
nw(C(A), 7p(A)) < w(C(A),7(4)) < |A| < L2(Y). (6)

Combining the inequalities (5) and (6) and bearing in mind property (v) of Propo-
sition 7 we conclude that d(C(A), 7p(A)) < £X(Y). Now since w(A) = d(C(A), 7p(A))

[3, Theorem I.1.5], we conclude that w(A) < ¢X(Y) and the proof is over.

A topological space Y is called angelic (Fremlin) if every relatively countably
compact subset A of Y is relatively compact and its closure A is made up of the
limits of sequences from A; if moreover the separable compact subsets of Y are
metrizable then Y is said to be superangelic. All Banach spaces with their weak
topologies are superangelic spaces. A good classical reference for angelic spaces
s [14]. A good deal of results about angelic spaces can be found in [6,7,26] and
the recent book [18].

If we specialize the previous results in this section for countable cardinals
we obtain another proof of the superangelic character of (C(Y),7p) when Y is a
countably K-determined space, result that was originally established in [26] with
a very much different approach and techniques.
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Recall that a topological space Y is said to be a k-space if for any set A C Y,
A is closed if, and only if, the intersection of A with any compact subspace K of
Z is closed in K. If (Y, 7) is a topological space then the family 7% of subsets of Y
with open intersections with all compact subsets of (Y, 7), is a topology on Y with
properties:

(a) 7 is coarser than 77;
(b) 7 and 7% have the same compact sets;
(c) (Y,7%) is a k-space;

(d) 7 =¥ if, and only if, (Y, 7) is a k-space.

k

Corollary 18 ([26]) IfY is countably K-determined then (C(Y'),Tp) is superangelic.

Proof Being Y countably K-determined means that £3(Y) = w. Lemma 11 implies
that £X(Y,7%) = w too. Note that (C(Y,7),7,) is a subspace of (C(Y,7%),7p), and
then angelic lemma, [14, p. 28], ensures us that to prove that (C(Y, 7),7p) is angelic
(superangelic) it is enough to prove that (C(Y,7%),7,) is angelic (superangelic).
Therefore for the rest of the proof we can and do assume that (Y,7) = (Y, 7%) is a
k-space with £X(Y) = w. Since Y is a k-space we can use [14, Ex. 1.21 b)] to obtain
that every relatively countably compact set A C (C(Y),7p) is relatively compact.
On the other hand separable compact subsets of (C(Y),7,) are metrizable after
Proposition 17.

To finally establish that (C(Y),7p) is superangelic we prove that if A is a
relatively compact subset of (C(Y),7p) and f € A then there is a sequence in A
that converges to f. Indeed, since f € A and t(C(Y),7p) < w after Proposition 16,
there exists a countable set D C A such that f € D. Proposition 17 comes into
play again to imply that D is 7p-metrizable. Hence, there exists a sequence (fn)n
in D C A which converges to f in the pointwise convergence topology and the
proof finishes.

5 Compact spaces with Gs-diagonal and their relatives

Following the terminology of [9,31], given topological spaces M and Y, an M-
ordered compact cover of a space Y is a family F = {Fx : K € K(M)} C K(Y)
such that

U]—': Y and K C L implies Fi C F for any K, L € K(M).

Y is said to be strongly dominated by the space M if there exists an M-ordered
compact cover F of the space Y such that the family F swallows all compact
subsets of Y in the sense that for any compact C C Y there is F' € F such that
C C F. Pioneer results about strongly dominated spaces by second countable
spaces are the following:

Theorem 19 (Christensen, [10], Th. 3.3 ) A second countable topological space is
strongly NN-dominated if and only if it is completely metrizable.

Theorem 20 (Cascales-Orihuela, [6], Th. 1) If K is a compact space such that
(K x K)\ A is strongly NY-dominated then K is metrizable.
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Theorem 20 has had a good number of applications over the years and the
techniques developed there inspired the work by others: a good account of appli-
cations of this result and its techniques can be found in [18]. Recently, in [9] it
have been proved that the hypothesis strongly NN-dominated in Theorem 20 can
be weakened to strongly dominated by some second countable space. Our aim here
is to extend these results about metrizability of compact sets as well as to offer a
newer more general and clarifying approach to them.

Theorem 21 Let K be a compact space and m a cardinal number. The following state-
ments are equivalent:

(i) w(K)<m;

(ii) There exists a metric space M with w(M) < m and a family O = {0 : L € K(M)}
of open sets in K x K that is basis of the neighborhoods of A such that Op, C Op,
whenever Loy C L1 in K(M);

(iii) (K x K) \ A is strongly dominated by a metric M with w(M) < m.

Proof The implication (i)=-(ii) goes as follows. Assuming that (i) holds, we have
that d(C(K),| - |loo) = w(K) < m, see [3, Theorem I.1.5]. Take a family {f; : ¢ €
A} C C(K) with |A] < m that is || - ||co-dense. We define M:= A endowed with the
discrete topology and for every compact (hence finite) set L C M we consider

O := ﬂ {(x,y) €K x K :|fi(z) - fily)| < i}

, L]
€L

Each O, is open in K x K and it is easily proved that Oy, C O, whenever Ly C L
in K(M). On the other hand, since

or e ({) e & x k156 - il <

ieL

the density of {f; : i € A} in (C(K),| - |co) imply that A = {0 : L € K(M)};
this last equality and a standard compactness argument allow us to conclude that
{Op : L € K(M)} is a basis for the open neighborhoods of A in K x K, and
therefore (ii) is satisfied.

The equivalence (ii)«<(iii) is easily established by taking complements and
defining Fr, := (K x K) \ Or, when the Op’s are given and O, := (K x K) \ Ff
when the Fp’s are given.

To finish we prove that (ii)=(i). Let us assume that (ii) holds and given m € N
and a sequence (L1, La,...) in K(M) we define

p(m, L1, La,...) = [{f € mBex) : |f(x) = f(y)] < %, for all (z,y) € O, }.

neN

(7)
Note that each ¢(m, L1, La,...) is || - ||co-bounded, closed and equicontinuous as
a family of functions defined on K. Therefore, Ascoli’s theorem, see [19, p. 234],
implies that o(m, L1, La,...) is compact in (C(K),| - ||co). If (K(M),h) is the
lattice of compact subsets of M with the Hausdorff distance, then w(KC(M),h) =
w(M), [28, Proposition 2.4.14]. Therefore the product M’ := N x []>° | (K(M), h)
of countably many copies of (K(M), k) and N is still a metric space with w(M') =
w(M). Note that the formula (7) defines a multi-map ¢ : M’ — K(C(K),|| - ||oc)-
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Being O a basis of neighborhoods of A implies that C(K) = |J{¢(z) : z € M'}. On
the other hand ¢ has the following property:

[P] If a sequence (x)) converges in M', then | J{p(z1) : k € N} is relatively
compact in (C(K), | - |loo)-

Indeed, if zj, := (my, LY, L5, ...) converges when k — oo to © = (m, L1, La,...)
in M’ then there is | € N with my < I for every k € N and S, := Ug LE UL, is
compact in M for every n € N after, [23, Lemma 1.11.2]. The decreasing order in
O easily implies that

J{e(zr) s k €N} Co(l, 81, S,...),

and therefore property [P/ is proved. An appeal to [5, Theorem 3.1] (see also [8,
Corollary 3.1]) provides us with an usco map ¢ : M’ — K(C(K), || - |ls) such that
o(z) C () for every x € M’. Thus C(K) = U{e(z) : 2 € M'} = U{é(z) : = €
M'}. Summarizing, we have proved that ¢X(C(K),| - |lo) < w(M’) = m. Since
(C(K),] - lloo) is metric we have that m > (X (C(K),| - ||oo) = L(C(K),|| - |loo) =
d(C(K), || - loo) = w(K) and the proof is over.

Specializing the above result for m = w we obtain:
Corollary 22 For a compact space K the following statements are equivalent:

(i) K is metrizable;
(i) AisGs in K X K;
(iii) A =,2, Gn where {Gn : n € N} is basis of open neighborhoods of A;
(iv) (K x K)\ A= ;2 Fn, with {Fn : n € N} increasing family of compact sets that
swallows all the compact subsets in (K x K)\ A;
(v) (K x K)\ A = Uyen Fa, with {Fo : a € N} increasing family of compact sets
(i.e. Fo C Fg whenever o < 8 in the coordinatewise order of NN) that swallows all
the compact subsets in (K x K)\ 4;
(vi) (K x K)\ A is strongly dominated by a Polish space;
(vil) (K x K)\ A is strongly dominated by a separable metric space;
(vili) (K x K)\ A is Lindeldf.

Proof The equivalence (i)« (ii) is a classical result due to Sneider that can be
found in [13, Exercise 4.2.B]. The implication (i)«<(viii) is also classical: (i)=-(viii)
is obvious and (viii)=-(ii) is a nice exercise. The implication (ii)=-(iii) is proved
by showing that if A is a G set then there is a decreasing sequence {Gy : n € N}
of open neighborhoods of A with the property A = ﬂle Gp: this last equality
implies that {G, : n € N} is basis of open neighborhoods of A. For the implication
(iii)=-(iv) we define Fy, := (K x K) \ Gn. For the proof of (iv)=(v) if {F, : n € N}
are given we simply take {Fo : @ € N} defined by Fo := Fr, (o) where 71 : NY 5 N
is the projection in the first coordinate. Similar arguments work for (v)=-(vi).
Assume that (v) holds. Given a compact set L C NV we define (L) € N¥ by the
formula
a(L) := (supmi(L),supma(L),...,supmn(L),...)

and Fr, := Fy(p), where m, : NY - N is the nth—projection, for every n € N. The
family {Fy, : L € K(NV)} strongly dominates (K x K)\ A and therefore (vi) holds.
The implication (vi)=-(vii) is obvious and the implication (vii)=-(i) follows from
Theorem 21. The proof is over.
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Let us mention that Theorem 20 was originally stated with the hypothesis (v)
in the Corollary above instead of the hypothesis of NN-domination. We refer to
[9] for more information about spaces (strongly) dominated by Polish and second
countable spaces.

6 The number of Nagami and the ¥-degree of a topological space

In this last section we study the relationship between Nag(-) and the X-degree
of a topological space that was introduced by Hédel [15] influenced by Nagami’s
ideas, [25].

To define the X-degree of a topological space we have to fix some notation first.
If Y is a set, F is a cover of Y and p belongs to Y we write

C(p, F) ::ﬂ{Fef: p € F}.

Observe that when Y is a topological space and F is a locally finite cover, then
for every p € Y the family {F € F: p € F'} is finite.

Definition 23 Let Y be a reqular topological space.

(i) A strong X-net for a topological space Y is a collection of locally finite covers
{Fa : a € A} whose elements are closed subsets in Y wverifying the following
conditions:

(a) C(p) = ({C(p, Fa): o € A} is compact, for everyp € Y;
(b) {C(p,Fa): a € A} is a basis for C(p) in the sense that for each open set U
such that C(p) C U, there exists a € A satisfying C(p, Fa) C U.

(ii) The X-degree of Y, X(Y), is the smallest cardinal number m such that Y has a
strong X-net {Fa : a € A} with |A| = m.

(iii) Y s said to be a strong X-space (see [25]) when X(Y) = w.

Next observation will be used in the theorem that follows. A short proof for
the sake of completeness is included.

Lemma 24 If Yis a topological space and F a locally finite cover of Y, then |F| <
2Y).

Proof For every y € Y, let Uy be an open neighborhood of y which meets finitely
many elements of F. Then there exists Z C Y such that |Z| = £(Y) verifying
Y = J{Uy : y € Z}. Clearly, we have that

F=J{FeF: FnU, #0},
yeZ

and each {F € F: FNUy # 0} is finite. Thus, we conclude that |F| < |Z] = £(Y).
Theorem 25 Let Y be a completely regular topological space, then

Nag(Y) = max{X(Y),£(Y)}.
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Proof First, we will prove that Nag(Y) > 2(Y). Let 7 = {A; : j € J} be a family
of closed sets in BY with |J| = Nag(Y) as described in Proposition 6. Let £ be the
family of finite subsets of J with the property that for each F' € £ we have that

Ap = () A4;NY #0.
JjeEF
For every F € L we define the locally finite cover Fp := {Ap,Y}. The family of
covers {Fp : F € L} is a strong Y-net in Y. Indeed, for each p € Y we have that

Cp)=(WAr:peAp, FeLy=(){4;: jeJpe A} CY.

Thus, C(p) is compact. On the other hand, if we take an open set O in Y such
that C(p) C O we can find an open set Ogy of BY such that Ogy NY C O. Now
because of the compactness of Y there exists F' € £ such that

m{Aj : jEF,pEAj}COgy.

Thus, Ap C Ogy NY and the proof that {Fr : F € L} is a strong X-net in Y is
finished. Bearing Proposition 7 we have Nag(Y) > ¢(Y'), and therefore we conclude
that

Nag(Y) > max{X(Y),£(Y)}.

We will prove now the converse inequality. Assume that {F, : a € A} is a strong
Y-net in Y. After Lemma 24, we have that |Fo| < £(Y) for every a € A. Consider
the family 7 := (J,c 4 Fo and let F be the family of finite non empty intersections
of members of 7. It is clear that |F| < sup{|A|,¢(Y)}. Now we prove that the
family {F’BY : F € F} satisfies property (ii) in Proposition 6. Fix p € Y and
consider B(p) = {F € F: p € F}. Note that B(p) is a filter base in Y. On the other
hand B(p) subconverges to the non empty compact set (), 4, C(p, Fa) = C(p) C Y.
Indeed, by property (b) in the definition of strong X-net above, if U C Y is open
and C(p) C U then there is a € A such that

C(p7fa)=ﬂ{F€fa:p€F}CU

Observe that C(p,Fa) € B because being F, is locally finite then C(p, Fo) is
a finite intersection of members of finite 7 containing p. This proves that B(p)
subconverges to the compact C(p) C Y. An appeal to Lemma 3 ensures us that

pe(WF” : FeBp)}=(\{F: FeB(®)}=C)cCY.

Hence the family {Fﬂy : F € F} satisfies property (ii) in Proposition 6 and since
|F| < sup{|Al|,£(Y)}, where |A| is the cardinal of an arbitrary strong X-net of Y
we obtain Nag(Y) < max{X(Y),£4(Y)} and the proof is finished.

Proposition 26 (Proposition 4.1, [15]) Every regular topological space Y has a
strong X-net {Fo : a € A} with |A] < nw(Y). In particular, X(Y) < nw(Y).

Proof Let N'={Nq : a € A} a network for Y with |4| = nw(Y). For every a € A
we take Fo = {Nqa,Y}. Then {Fo : a € A} is a strong X-net.
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Corollary 27 LetY be a completely reqular topological space, then Nag(Y) < nw(Y).

Proof After [13, Theorem 3.8.12], we have £(Y) < nw(Y'). On the other hand, the
previous proposition tell us that X(Y) < nw(Y). Thus, the inequality Nag(Y) <
nw(Y) straightforwardly follows now from Theorem 25.

See [20] for a result related to the previous corollary.

Corollary 28 Let Y be a completely reqular topological space. Then, Y is Lindeldf
(i.e. (Y) =w) and Y-space (i.e. X(Y) =w) if, and only if, Nag(Y) =4X(Y) = w.
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