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Para estar centrados

Tipo de roblemas a estudiar... algo que todavia se entiende.

Crédito a coautores, y trabajos previos.
Un poco de historia.
El problema que estudiamos j Qué resuelve?

El alcance de los resultados.
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El gusto de alguna demostracién: técnicas involucradas de AF
+ topologia + AC.

Un problema abierto.
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Our result

A question and a final remark

What kind of problem are we going to talk about?

A BISHOP-PHELPS-BOLLOBAS TYPE THEOREM FOR UNIFORM
ALGEBRAS

Bishop-Phelps-Bollobas property

B. CASCALES, A. J. GUIRAO AND V. KADETS

1. INTRODUCTION

Mathematical optimization is associated to maximizing or minimizing real func-
tions. James’s compactness theorem [17] and Bishop-Pehlps’s theorem [5] are two
landmark results along this line in functional analysis. The former characterizes re-
flexive Banach spaces X as those for which continuous linear functionals z* € X*
attain their norm in the unit sphere Sx. The latter establishes that for any Ba-
nach space X every continuous linear functional z* € X* can be approximated
(in norm) by linear functionals that attain the norm in Sy. This paper is concerned
with the study of a strengthening of Bishop-Phelps’s theorem that mixes ideas of
Bollobés [6] —see Theorem 3.1 here— and Lindenstrauss [21] —who initiated the
study of the Bishop-Phelps property for bounded operators between Banach spaces.
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Bishop-Phelps-Bollobas property

The problem for x*: X — R form and T : X — Y operator

not always

[l = sup{Ix*(x)[ - lIx|l = 1} max{[x"(x)| : [|x[| = 1}

not always

(TN = sup{l[ TG = lIx|l =1} max{|[ T(x)[| - [|x|| = 1}
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Bishop-Phelps-Bollobas property

The problem for x*: X — R form and T : X — Y operator

not always

[l = sup{Ix*(x)[ - lIx|l = 1} max{[x"(x)| : [|x[| = 1}

1T = sup{| TG« [1x]] = 1} " 2% max{ || T(x)]| : [Ix]| = 1}

What can do it about it?

Our paper is devoted to showing that Asplund operators with range in a
uniform Banach algebra have the Bishop-Phelps-Bollobas property, i.e., they
are approximated by norm attaining Asplund operators at the same time that a
point where the approximated operator almost attains its norm is approximated
by a point at which the approximating operator attains it. To prove this result
we establish a Uryshon type lemma producing peak complex-valued functions in
uniform algebras that are small outside a given open set and whose image is
inside a symmetric rhombus with main diagonal [0,1] and small height.
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Bishop-Phelps theorem

Theorem (Bishop-Phelps, 1961)
If X is a Banach, then NAX* = X*.

A PROOF THAT EVERY BANACH SPACE IS
SUBREFLEXIVE

BY ERRETT BISHOP AND R. R. PHELPS
Communicated by Mahlon M. Day, August 19, 1960

A real or complex normed space is subreflexive if those functionals
which attain their supremum on the unit sphere S of E are norm-
dense in E¥*, i.e., if for each f in E* and each €>0 there exist g in
E* and x in S such that |g(x)| =||g|| and ||f—¢g|| <e. There exist in-
complete normed spaces which are not subreflexive [1]! as well as
incomplete spaces which are subreflexive (e.g., a dense subspace of a
Hilbert space). It is evident that every reflexive Banach space is sub-
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The Bishop-Phelps property for operators

Q (X,K) has BPp for every X

Definition : Bishop-Phelps (1961);

An operato.r T : X —Yis Q [TEL(X.Y): T~ € NA(X™;Y=)] =

norm attaining if there L(X;Y) for every pair of Banach spaces

exists xg € X, ||x0|| =1, X and Y, Lindenstrauss (1963);

such that || T(xo)|| = || T © X with RNP, then (X, Y) has BPp for
every Y, Bourgain (1977);

Definition (Lindenstrauss) @ there are spaces X, Y and Z such that
(X, C(]0,1])), (Y,¢P) (1 < p <o) and

(X,Y) has the (Z,11([0,1])) fail BPp, Schachermayer

Bishop-Phelps Property (1983), Gowers (1990) and Acosta

(BPp) if every operator (1999);

T:X =Y can be @ (C(K),C(S)) has BPp for all compact

uniformly approximated by spaces K, S, Johnson and Wolfe, (1979).

norm attaining operators. O (L*([0.1]),L=([0,1])) has BPp,

Finet-Pay4 (1998),
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.. . Bishop-Phelps-Bollobas property
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Bollobas observation

AN EXTENSION TO THE THEOREM OF BISHOP AND
PHELPS

BELA BOLLOBAS

Bishop and Phelps proved in [1] that every real or complex Banach space is
subreflexive, that is the functionals (real or complex) which attain their supremum
on the unit sphere of the space are dense in the dual space. We shall sharpen this
result and then apply it to a problem about the numerical range of an operator.

Denote by S and S’ the unit spheres in a Banach space B and its dual space B’,
respectively.

THEOREM 1. Suppose x€ S, fe S’ and |f(x)—1| < &2/2 (0 < & < 4). Then there
exist ye S and ge S’ such that g(y) = 1, | f—g| < e and |x—y| < e+&2.
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A different way of writing BPB

THEOREM 1. Suppose xS, fe S’ and | f(x)—1| < &2/2 (0 < & < ). Then there
exist ye S and ge S’ such that g(y) = 1, | f—g| < e and |x—y| < e+

Corollary. . . the way is oftentimes presented

Given % >€e>0, if xg € Sx and x* € Sx+ are such that
2

€
X (o)l > 1=,

then there are ug € Sx and y* € Sx+ such that

ly*(uo)l =1, [[xo — o < € and [|x" —y*[| <e.
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Bishop-Phelps-Bollobas property

@ VY has certain almost-biorthogonal

Definition: Acosta, Aron, Garcia and Maestre, 2008 system (X, Y) has BPBp any X;
().<’ Y) is said to have,the @ (/1,Y) BPBp is characterized
Bishop-Phelps-Bollobds property (BPBP) through a condition called AHSP:
if for any &> 0 there are 1(€) > 0 such it holds for Y finite dimensional,
that for all T € 5;(x y), if xo € Sx is uniformly convex, Y = L1(u) for a
such that o-finite measure or Y = C(K);

| T(x0)ll >1—n(e), @ there is pair (1, X) failing BPBp,

but having BPp;

Q (¢3,Y) has BPBp Y uniformly
IS (uw)| =1 convex no hope for <o
n(e) =n(n,€) = 1 with n — .

then there are ug € Sx, S € 5/(x,y) with

and

o —uol| <€ and ||T-5| <e.
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Bishop-Phelps-Bollobas Property for operators

Bishop-Phelps-Bollobas property

@ VY has certain almost-biorthogonal

Definition: Acosta, Aron, Garcia and Maestre, 2008 system (X, Y) has BPBp any X;
().<’ Y) is said to have,the @ (/1,Y) BPBp is characterized
Bishop-Phelps-Bollobds property (BPBP) through a condition called AHSP:
if for any &> 0 there are 1(€) > 0 such it holds for Y finite dimensional,
that for all T € 5;(x y), if xo € Sx is uniformly convex, Y = L1(u) for a
such that o-finite measure or Y = C(K);

| T(x0)ll >1—n(e), @ there is pair (1, X) failing BPBp,

but having BPp;

Q (¢3,Y) has BPBp Y uniformly
IS (uw)| =1 convex no hope for <o
n(e) =n(n,€) = 1 with n — .

then there are ug € Sx, S € 5/(x,y) with

and

PROBLEM?

No Y infinite dimensional was
known s.t. (co, Y) has BPBP.

o —uol| <€ and ||T-5| <e.
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Our main result

Theorem (A. J. Guirao, V. Kadets and B. C. 2012)

Let 2 C C(K) be a uniform algebra and T: X — 2 be an Asplund
operator with || T|| = 1. Suppose that 0 < & < /2 and xp € Sx are
such that || Txo|| > 1— 82—2 Then there exist up € Sx and an

Asplund operator Te Si(x ) satisfying that

| Tuol|=1,][x0—wl| <& and ||[T—T| < 2e.

B. Cascales Aproximacion de operadores por operadores que alcanzan la no



Credit to co-authors and a few papers by others
Framework and historical comments

Our result

A question and a final remark

Bishop-Phelps-Bollobas property

The scope of our result

Theorem (A. J. Guirao, V. Kadets and B. C. 2012)

Let A C C(K) be a uniform algebra and T: X — 2 be an Asplund operator with || T|| =1. Suppose that
2
(1< £ < V2 and xg € Sx are such that || Txg|| > 1— & . Then there exist ug € Sx and an Asplund operator
T € S(x,2) satisfying that
[Tuoll =1,lx0—uoll <& and |T—T<2e.

Stegall, 1

An operator T € L(X,Y) is Asplund, if it factors through an Asplund space:

Z is Asplund; T; € L(X,Z) and T € L(Z,Y).
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Bishop-Phelps-Bollobas property

The scope of our result

Theorem (A. J. Guirao, V. Kadets and B. C. 2012)

Let A C C(K) be a uniform algebra and T: X — 2 be an Asplund operator with || T|| =1. Suppose that
2
(1< £ < V2 and xg € Sx are such that || Txg|| > 1— & . Then there exist ug € Sx and an Asplund operator
T € S(x,2) satisfying that
[Tuoll =1,lx0—uoll <& and |T—T<2e.

Stegall

An operator T € L(X,Y) is Asplund, if it factors through an Asplund space:

Z is Asplund; T; € L(X,Z) and T € L(Z,Y).

T Asplund operator < T*(By-) is fragmented by the norm of X*. J
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The black box. . . fragmentability. . . | won't speak about it

Asplund spaces: Namioka, Phelps and Stegall

Let X be a Banach space. Then the following conditions are equivalent:

(i) X is an Asplund space, i.e., whenever f is a convex continuous function
defined on an open convex subset U of X, the set of all points of U
where f is Fréchet differentiable is a dense Gg-subset of U.

(i) every w*-compact subset of (X*, w*) is fragmented by the norm;

(iii) each separable subspace of X has separable dual;

(iv) X* has the Radon-Nikodym property.
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Bishop-Phelps-Bollobas property

The black box. . . fragmentability. . . | won't speak about it
Asplund spaces: Namioka, Phelps and Stegall

Let X be a Banach space. Then the following conditions are equivalent:

(i) X is an Asplund space, i.e., whenever f is a convex continuous function
defined on an open convex subset U of X, the set of all points of U
where f is Fréchet differentiable is a dense Gg-subset of U.

(i) every w*-compact subset of (X*,w*) is fragmented by the norm;

(iii) each separable subspace of X has separable dual;

(iv) X* has the Radon-Nikodym property.

Definition
a Bx is fragmented if for every € >0 and
\

every non empty subset S C Bx+ there
exists a w*-open subset U C X such that
UNS #0 and

!

| = diam(UNS) < & || = diam(Un 5) < &.
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Corollary

Let T € L(X, Cy(L)) weakly compact with || T|| =1,
% >¢€ >0, and xg € Sx be such that

Bishop-Phelps-Bollobas property

Theorem (A 82
ITGo)l > 15

Let 20 C C(K) be a uniform

Igebi d T: X —2b
pr A i s, Then there are uo G.SX and S € L(X, Cy(L)) weakly compact
Suppose that 0< & < v/2 and with ||S]| =1 satisfying
Xp € Sx are SL12Ch that

I Tsoll > 1— 5 . Then there 15(u0)[| = L,||x0 — ol| < € and || T — S < 3e.

exist ug € Sx and an Asplund

operator T € S, satisfyin
hat s SR Corollary
(X, Go(L)) has the BPBP for any Asplund space X and any

locally compact Hausdorff topological space L (X = ¢p(I), for
and instance).

| T=T| < 2e.
Corollary

(X, Co(L)) has the BPBP for any X and any scattered locally
compact Hausdorff topological space L.
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Corollary

Let T € L(X,A(D)) weakly compact with || T|| =1,
% >¢€>0, and xg € Sx be such that

Theorem (A

Kadets C. 2012)

€
Let 20 C C(K) be a uniform ||T(X0)|| >1——.
algebra and T: X — 2l be an 4
Asplund operator with || T|| = 1.

Suppose that 0 < &€ < v/2 and §Y
S Then there are ug € Sx and S € L(X,A(DD)) weakly compact

|| Txol| >1— % Then there with HS” =1 satiSfying

exist up € Sx and an Asplund

operator TESL(X_Q‘) satisfying ||S(UO)H = ]_7 HXO — UOH < € and H T — SH S 3e.
that

Remark

[ Tuoll =1, [0 — woll <&
The theorem applies in particular to the ideals of finite rank
operators .%, compact operators %", p-summing operators 1,
and of course to the weakly compact operators # themselves.
To the best of our knowledge even in the case #/(X,2l) the
Bishop-Phelps property that follows is a brand new result.

and _
|T—T| <2e.
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An idea of the proof for 2 = C(K)

Theorem (R. M. Aron, O. Kozhushkina and B. C. 2011)

Let T: X — C(K) be an Asplund operator with || T|| = 1. Suppose that 0 < &€ < /2 and xq € Sx are such that
2 =
[ Txoll > 1— % . Then there exist ug € Sx and an Asplund operator T € Si(x,c(k)) satisfying that

[Tuoll =1,]x0—uoll <& and ||T—T<2e.

@ Black box provides a suitable open set U C K, y* € Sx+ and p < 2¢ with
1=y (uo)| = ||luoll and [Ixo — wo[| <€ & || T*(8:) —y*| <p VYt e U

@ Uryshon's lemma that applied to an arbitrary tg € U produces a function
f € C(K) satisfying

f(to) = ||f]le =1, f(K) C[0,1] and supp(f) C U.
@ T is explicitly defined by
T()(t) = F(£) -y (x)+ (1= F(1))- T(x)(t), x € X, t € K,
@ The suitability of U is used to prove that || T — 7'|| < 2¢€.
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An idea of the proof for 2 = C(K)

Theorem (R. M. Aron, O. Kozhushkina and B. C. 2011)

Let T: X — C(K) be an Asplund operator with || T|| = 1. Suppose that 0 < &€ < /2 and xq € Sx are such that
2 =
[ Txoll > 1— % . Then there exist ug € Sx and an Asplund operator T € Si(x,c(k)) satisfying that

[Tuoll =1,]x0—uoll <& and ||T—T<2e.

@ Black box provides a suitable open set U C K, y* € Sx+ and p < 2¢ with
1=y (uo)| = ||luoll and [Ixo — wo[| <€ & || T*(8:) —y*| <p VYt e U

@ Uryshon's lemma that applied to an arbitrary tg € U produces a function
f € C(K) satisfying

f(to) = ||f]le =1, f(K) C[0,1] and supp(f) C U.
@ T is explicitly defined by
T(x)(t) = fF(t) y* (x)+ (1~ () T(x)(t),x € X, t € K,
@ The suitability of U is used to prove that || T — T|| < 2e.
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An idea of the proof for A = A(D)
Theorem (A. J. Guirao, V. Kadets and B. C. 2012)

Let T: X — A(D) be an Asplund operator with || T||=1. Suppose that 0 < & < v/2 and xg € Sx are such that

2 ~
[ Txoll > 1— 5. Then there exist ug € Sx and an Asplund operator T € S satisfying that

L(X.A(D))

[Tuoll =1,]x0—uol| <& and ||T—T<2e.

@ Black box gives an open set U C D y* € Sx- & p < 2¢ with
1=|y"(uo)| = ||luoll and [|xo — uol| < & & || T*(8¢) —y*|| < p Vt € U.

Q Uryshon’s lemma that applied to an arbitrary tp € U produces a function
fe A(]D)) satisfying

f(to) = ||flle = 1, f(D) C [0,1] and supp(f) C U.
© T is explicitly defined by
TO(E) = F(£)-y" () + (1= F(1)- T(x)(t), x € X, t € D,

© The suitability of U is used to prove that | T — T < 2e.
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An idea of the proof for A = A(D)
Theorem (A. J. Guirao, V. Kadets and B. C. 2012)

Let T: X — A(D) be an Asplund operator with || T||=1. Suppose that 0 < & < /2 and xg € Sx are such that

2 =
[ Txoll > 1— % . Then there exist ug € Sx and an Asplund operator T € § satisfying that

L(X.A(D))

[Tuoll =10~ ol <& and ||T—T| <2

@ Black box gives an open set U C D y* € Sx- & p < 2€ with
1= y*(uo)| = |luoll and |Ix0 — wo| < & & || T*(8¢) —y*[| <p Vt € U.

Q Uryshon’s lemma that applied to an arbitrary to € U produces a function
fe A(]D)) satisfying

f(to) = ||flle =1, f(D) C [0,1] and supp(f) C U.

plicitly defined by
T()(8) = F(£) -y (x) + (1= F(1))- T(x)(t), x € X, t €D,

itability of U is used to prove that || T — T|| < 2e.
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An idea of the proof for A = A(D)
Theorem (A. J. Guirao, V. Kadets and B. C. 2012)

Let T: X — A(D) be an Asplund operator with || T||=1. Suppose that 0 < & < /2 and xg € Sx are such that

2 =
[ Txoll > 1— % . Then there exist ug € Sx and an Asplund operator T € § satisfying that

L(X.A(D))

[Tuoll =10~ ol <& and ||T—T| <2

@ Black box gives an open set U C D y* € Sx- & p < 2€ with
1= y*(uo)| = |luoll and |Ix0 — wo| < & & || T*(8¢) —y*[| <p Vt € U.

Q Uryshon’s lemma that applied to an arbitrary to € U produces a function
fe A(]D)) satisfying

f(to) = ||flle =1, f(D) C [0,1] and supp(f) C U.
defined by
(t)=F(t) ¥y (x)+(1—F(t)) T(x)(t),xe X, teD,

I of U is used to prove that || T — T|| < 2e.

B. Cascales Aproxima de operadores por operadores que alcanzan la no



Credit to co-authors and a few papers by others
Framework and historical comments

Our result

A question and a final remark

An idea of the proof for A = A(D)
Theorem (A. J. Guirao, V. Kadets and B. C. 2012)

Let T: X — A(D) be an Asplund operator with || T||=1. Suppose that 0 < & < /2 and xg € Sx are such that
2 =
[ Txoll > 1— % . Then there exist ug € Sx and an Asplund operator T € §

Bishop-Phelps-Bollobas property

L(X.A(ﬁ)) satisfying that

[Tuoll =10~ ol <& and ||T—T| <2

@ Black box gives an open set U C D y* € Sx- & p < 2€ with
1= y*(uo)| = |luoll and |Ix0 — wo| < & & || T*(8¢) —y*[| <p Vt € U.

Q Uryshon’s lemma that applied to an arbitrary to € U produces a function
fe A(]D)) satisfying

f(to) = ||flle =1, f(D) C [0,1] and supp(f) C U.

efined by
)= f(t)-y"(x)+ (1~ F(t) T(x)(t),x € X, teD,

f U is used to prove that || T — T|| < 2e.
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An idea of the proof for A = A(D)
Theorem (A. J. Guirao, V. Kadets and B. C. 2012)

Let T: X — A(D) be an Asplund operator with || T||=1. Suppose that 0 < & < /2 and xg € Sx are such that

Bishop-Phelps-Bollobas property

2 =
[ Txoll > 1— % . Then there exist ug € Sx and an Asplund operator T € § satisfying that

L(X.A(D))

[Tuoll =10~ ol <& and ||T—T| <2

@ Black box gives an open set U C D y* € Sx- & p < 2€ with
1= y*(uo)| = |luoll and |Ix0 — wo| < & & || T*(8¢) —y*[| <p Vt € U.

Q Uryshon’s lemma that applied to an arbitrary to € U produces a function
fe A(]D)) satisfying

f(to) = ||flle =1, f(D) C [0,1] and supp(f) C U.
fined by
=1f(t)-y () + (1= f(t))- T(x)(t),x€ X, t €D,

f U is used to prove that || T — T|| < 2e.
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An idea of the proof for A = A(D)
Theorem (A. J. Guirao, V. Kadets and B. C. 2012)

Let T: X — A(D) be an Asplund operator with || T||=1. Suppose that 0 < & < /2 and xg € Sx are such that

Bishop-Phelps-Bollobas property

2 =
[ Txoll > 1— % . Then there exist ug € Sx and an Asplund operator T € § satisfying that

L(X.A(D))

[Tuoll =10~ ol <& and ||T—T| <2

@ Black box gives an open set UC D, UNT #0, y* € Sx- & p < 2¢ with
1=y*(uo)| = ||uoll and |Ix0 — wo| < & & || T*(8¢) —y*[| <p Vt e U.

@ Uryshon's lemma that applied to an arbitrary to € UNT produces a
function f € A(D) satisfying

f(to) = ||flle =1, f(D) C D and f small in D\ U.
fined by
= () y () + (1= £(t) T(x)(t),x € X, t €D,

f U is used to prove that || T — T|| < 2e.

B. Cascales Aproxima de operadores por operadores que alcanzan la no



Credit to co-authors and a few papers by others
Framework and historical comments

Our result

A question and a final remark

Bishop-Phelps-Bollobas property

An idea of the proof for A = A(D)
Theorem (A. J. Guirao, V. Kadets and B. C. 2012)

Let T: X — A(D) be an Asplund operator with || T||=1. Suppose that 0 < & < v/2 and xg € Sx are such that

2 ~
[ Txoll > 1— 5. Then there exist ug € Sx and an Asplund operator T € S satisfying that

L(X.A(D))

[Tuoll =1,]x0—uol| <& and ||T—T<2e.

@ Black box gives an open set U CD,UNT #0, y* € Sx- & p < 2¢ with
1=|y"(uo)| = |luoll and [|xo — uol| < & & || T*(8¢) —y*|| < p Vt € U.

@ Uryshon's lemma that applied to an arbitrary tg € UNT produces a
function f € A(]D)) satisfying

f(to) =|flle =1, f(D) CD and f small in D\ U.
© T is explicitly defined by
T(x)(t) = F(t) - y* (x)+ (1= F(t))- T(x)(t),x € X, t € D,

© The suitability of U is used to prove that | T — T < 2e.
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Bishop-Phelps-Bollobas property

An idea of the proof for A = A(D)
Theorem (A. J. Guirao, V. Kadets and B. C. 2012)

Let T: X — A(D) be an Asplund operator with || T||=1. Suppose that 0 < & < /2 and xg € Sx are such that

2 =
[ Txoll > 1— % . Then there exist ug € Sx and an Asplund operator T € § satisfying that

L(X.A(D))

[Tuoll =1,]x0—uoll <& and ||T— T <2e.

@ Black box gives an open set UCD,UNT #0, y* € Sx- & p < 2¢ with
1= y*(uo)| = lluoll and |Ixo — wo| < & & || T*(8¢) —y*[| <p Vt € U.

@ Uryshon's lemma that applied to an arbitrary to € UNT produces a
function f € A(D) satisfying

f(to) = ||fllo =1, f(D) C Re and f small in D\ U.
R. :={z € C: |Re(z) — 1/2| + (1/ve)Im(z)| < 1/2}
with main diagonal [0, 1], that in its turn is contained in the Stolz’s domain

Ste={z€D: |z] +(1—¢)|l — 2| < 1}.
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A question and a final remark

Bishop-Phelps-Bollobas property

An idea of the proof for A = A(D)
Theorem (A. J. Guirao, V. Kadets and B. C. 2012)

Let T: X — A(D) be an Asplund operator with || T||=1. Suppose that 0 < & < /2 and xg € Sx are such that
2 =
[ Txoll > 1— % . Then there exist ug € Sx and an Asplund operator T € §

L(X.A(ﬁ)) satisfying that

[Tuoll =1,]x0—uoll <& and ||T— T <2e.

@ Black box gives an open set UCD,UNT #0, y* € Sx- & p < 2¢ with
1= y*(uo)| = lluoll and |Ixo — wo| < & & || T*(8¢) —y*[| <p Vt € U.

@ Uryshon's lemma that applied to an arbitrary to € UNT produces a
function f € A(D) satisfying

f(to) = ||fllo =1, f(D) C Re and f small in D\ U.

explicitly defined by
-y TO)(E) = F(1) -y () + (1 =€) 1= (1)) T(x)(¢)

suitability of U is used to prove that || T — T || < 2e.
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Our key Uryshon type lemma for A(DD)

Lemma 2.8. Let A C C(K) be a unital uniform algebra and Ty its Choquet
boundary. Then, for every open set U C K withU NTy # 0 and 0 < ¢ < 1, there
exist f € Aand ty € UNTg such that f(to) = || fllo = L |f(t)| < & for every
te K\ U and f(K) C R.. In particular,

[fOI+ A=)l - f() <1, forallt € K. 2.8)
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Our key Uryshon type lemma for A(DD)

Lemma 2.8. Let A C C(K) be a unital uniform algebra and T its Choquet
boundary. Then, for every open set U C K withU NTy # 0 and 0 < £ < 1, there
exist f € A and ty € U NTg such that f(to) = ||flloc = 1. |f(t)| < € for every
te K\ U and f(K) C R.. In particular,

[F@+ (L =)l — f#)| < 1, foralit € K. 2.8)
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Our key Uryshon type lemma for A(DD)

Lemma 2.8. Let A C C(K) be a unital uniform algebra and T its Choquet
boundary. Then, for every open set U C K withU NTy # 0 and 0 < £ < 1, there
exist f € A and ty € U NTg such that f(to) = ||flloc = 1. |f(t)| < € for every
te K\ U and f(K) C R.. In particular,

[F@+ (L =)l — f#)| < 1, foralit € K. 2.8)
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Our key Uryshon type lemma for A(DD)

Lemma 2.8. Let A C C(K) be a unital uniform algebra and T its Choquet
boundary. Then, for every open set U C K withU NTg # B and 0 < & < 1, there
exist f € A and ty € U NTg such that f(to) = ||fllc = 1. |f(t)| < € for every
te K\ U and f(K) C R.. In particular,

[F@+ (=)l — f#)| < 1, forallt € K. 2.8)
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A question and a final remark

Our key Uryshon type lemma for A(DD)

Lemma 2.8. Let A C C(K) be a unital uniform algebra and T its Choquet
boundary. Then, for every open set U C K withU NTy # B and 0 < & < 1, there
exist f € A and ty € U NTg such that f(to) = [|fllc = 1. |f(t)| < € for every
te K\ U and f(K) C R.. In particular,

[F@+ (=)l — f#)| < 1, foralit € K. 2.8)
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Bishop-Phelps-Bollobas property

Our

ryshon type lemma is suited for calculations with a compu

Proof. Letus fix 0 < 17 < min{0/6,1/2} andn € N, n > 2 Letus define U; :=
U. We shall construct inductively a collection of points {t ] 1» a decreasing
finite sequence {U,}’;Il of open subsets of U, t; € Ujy1 N Io, and functions
{fi¥}=1 C A, satisfying forany j € {1,..., ,n} the following conditions:

(i) f](fﬂ) =1

(i) |f;(t)] < % fort € K\ Uj.

(i) |fj(t) — 1] < & fort € Ujyy.
Indeed, Lemma 2.1 allows us to find a norm one function f; € Aandat, € U;Nly
such that f1(¢1) = 1 and | f1(t)] < % for t € K \ Uy. Define

Uz ={te K: [f(t) — 1] <n/2}.
It is clear that ¢; € U N Ty and Uy C U;. Now we can apply again Lemma 2.1
to Us to obtain fs, o and Us. Proceeding inductively we obtain the expected
functions f1, ..., fn, points t1,...,t, andsets U = Uy D Uz D -+ D Upyq with
tj e Ujy1 NTo, forj=1,..., n.
Now, we define f := L (fi+---+ f,). Givent € K\ U, it s clear that

te K\Ujforj=1,.. ,n Wthh implies that |f;(t)| < 4 forj = 1,...,n.
Therefore, we have that

I£t)] < gfor anyt € K\ U. @2
Let us check that
d(F(K), [0,1]) = sup inf, 17(®)— sl <. @3
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Bishop-Phelps-Bollobas property

An idea of the proof for A = A(D)

Theorem (A. J. Guirao, V. Kadets and B. C. 2012)

Let T: X — A(D) be an Asplund operator with || T|| = 1. Suppose that 0 <& < v/2 and xg € Sx are such that

2 =
[ITxo|l > 1— &-. Then there exist up € Sx and an Asplund operator T € S satisfying that

L(X.A(D))

[Tuoll=1,lx0—uoll <& and |T-T]<2e.

@ Black box provides a suitable open set UCD, UNT # 0 & y* € Sx+ with
1=|y"(uo)l = lluoll and ||xo — wol| < €.

@ Our Uryshon type lemma applied to an arbitrary to € UNT produces a
function f € A(D) satisfying

f(to) = ||fllo =1, f(D) C Re and f small in D\ U.
(3] Tis explicitly defined by
TE() = F(£) -y () + (1 =€) (1= F(2))- T(x)(¢)
© Suitability of U and the Maximum Principle in A(D) gives || T — 7'” < 2e.
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We should finish with a problem. ..

A reasonable question?
Does any pair of the kind (C(K), C(L)) have the BPBp for arbitrary compact
spaces K and L?
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Our result

A question and a final remark

We should finish with a problem...and recommendations

A reasonable question?

Does any pair of the kind (C(K), C(L)) have the BPBp for arbitrary compact
spaces K and L?

Bishop-Phelps-Bollobas property

How to talk Mathematics

My recommendations amount to this: make it simple, organized and short.
Make your lecture simple (special and concrete); be sure to prove something
and ask something; prepare, in detail; organize the content and adjust to the
level of the audience; keep it short, and, to be sure of doing so, prepare it so as
to make it flexible. Remember that you are talking in order to attract the
listeners to your subject and to inform them about it; and remember that less
is more.

P.R. Halmos

http://www.math.northwestern.edu/graduate/Forum /HALMOS.html
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Bishop-Phelps-Bollobas property

GRACIAS!
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